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Abstract. We consider the stability problem for standing waves of nonlinear Dirac models. Under 
a suitable definition of linear stability, and under some restriction on the spectrum, we prove at the 
same time orbital and asymptotic stability. We are not able to get the full result proved in |26| for the 
nonlinear Schrodinger equation, because of the strong indefiniteness of the energy. 

(N" 

o 

^ ' 1. Introduction 

' ^ I In this paper we study the stabihty of standing waves of a class of nonhnear Dirac equations (NLDE). 

["t I ■ We assume that these standing waves are smooth, have exponential decay to at infinity and that they 

are smoothly dependent on a parameter. We then partially characterize, under a number of further 
' technical hypotheses, their stability and their instability. We succeed partially in transposing to NLDE 

results proved for the nonlinear Schrodinger equations (NLS) in [26] and in previous references. We recall 
that |15j, /49j [50l [611 IS2, 35, 36 contain a quite satisfactory characterization of the orbital stability of 
standing waves of the NLS. They do not apply to the Dirac equation, due to the strong indefiniteness of 
the energy. In this paper we initiate a theory of stability in the case of the NLDE, using ideas coming 
\ from the theory of asymptotic stability which are less sensitive to indefiniteness of the energy. This idea 

"j^ ' is explored also in [46 in a very special situation. 

1.1. The nonlinear Dirac equation. We consider for to > a NLDE 
^. (1.1) (iu,^D u + g{uu)Pu = ( )^K^^3 

> ' 3 

Cs| ■ where Dm = '^j^xj + ml3, with for j = 1, 2, 3 

"^^a ^-{'? -D' -^(; 

■ The unknown u is C^-valued. Given two vectors of C*, uv :~ u ■ v is the inner product in C^, v* is the 

' complex conjugate, u-v* is the hermitian product in C*, which we write as uv* = u-v* . We set u := jiu* , 

so that uu = u ■ /3u* . We have 

ajag + aiUj = 25jil£4 , ajl3 + I3aj = , = Ic^- 

Thus the operator Dm is self-adjoint on L'^(U.^, C*), with domain H^{M.^, C^) and we have D^ = —A+rn^. 
, The spectrum is a{Dm) — oo, —to] U [to. +oo), see [SHI Theorem 1.1]. 

■ 

1.2. State of the art. The equation in m.W arises in Dirac models used to model either extended 
particles with self-interaction or particles in space-time with geometrical structure. In the latter case, 
physicists have shown that a relativistic theory sometimes imposes a fourth order nonlinear potential (i.e., 
a cubic nonlinearity) such as the square of a quadratic form on C^; see [4 7] and the references therein. 
The associated stationary equation is called the Soler model, |52j . as it was proposed by Soler to model 
the elementary fermions. 

In our study, we assume the existence of stationary solutions as well as a number of properties like the 
smooth dependence on a parameter, the smoothness and the fact that they are rapidly decaying. These 
are not well established properties. Stationary solutions were actively studied in the last thirty years. 
References [TBI Il2l E H] used a dynamical systems approach. For the use of the variational structure 
of the stationary equation, see [35]. For an approach yielding stationary solutions of the NLDE from 
solutions of the NLS, see [151 157] . 

Turning to the question of stability, [55] discusses the Soler model within the framework of [50] , without 
attempting a proof. Some partial results involving small standing waves obtained by bifurcation from 
linear ones, with Dm replaced by H :— Dm + V with V a nice potential, are in [9l [1^. [1^ shows 
that if a resonance condition holds, there is a stable manifold outside which any initial condition leads 
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to instability. If the resonance condition is not fulfilled, the stability problem is left open. The results 
we present here answer this question and can be used to clarify (41^ proves the existence of global 
attractors in a model involving a Dirac equation coupled to an harmonic oscillator. The stability problem 
for the 1 dimensional NLDE is discussed under very restrictive hypotheses in [46) which reproduces for 
the 1 D NLDE an analogue of the result in [57j . 



1.3. Hypotheses. We assume the following hypotheses (H:1) -(H:12) 

(H:l) .g(0) = 0, g e C°°(M,R). 

(H:2) There exists an open interval O C (m/3, m) such that DmU — uju — g{uu)l3u — admits a C°° 
family of solutions ut G O ^ (pcu & H''''^{M.^) for any {k,T), see (|1.4p for a definition. In spherical 
coordinates xi = /9Cos('i?) sin((^), X2 — p sm{'d) sm{ip) , — pcos{ip), these standing waves are of 
the form 

"1" 



a{p) 

Hp) 



COSLp 



with a{p) and h{p) real valued and satisfying the following properties: 
a,6e C°°([0,oo),M), Vp>0, a2(p) > 0, 
a*--'-' and decay exponentially at infinity for all j. 



Notice that a;) 



i{x) and (l)uj{-xi,-X2,x:i) = S'30(^(xi, 0:2, xs) with S'3 



^73 
,0 (73, 

(H:3) Let q{uj) = \\(t>u,\\\2- We assume q'{i^j) ^ for all w G C 

(H:4) For any a; S K'^ we consider in (jl.ip initial data s.t. uo(— a;) — ^uq{x) and mo(— a;i, — X2, 0:3) = 
S'3Uo(xi,a;2,2;3)- 

(H:5) Let Hu, be the linearized operator around e'*'^^,^, see Sect. [3l We assume that 'K^ satisfies the 
definition of linear stability in Definition 13.41 

(H:6) Consider X {(Ti,T2) G L2(R3^(C4)2) : (Ti(-a;), T2(-.ti, -a;2, :r3) = (/3Ti(x), -/3Ti(:e), 
(Ti(— xi, — a;2, ^3), T2(— xi, — a;2, Xs) = (53X1(0;), —5*3X1(0;))}, see Sect. |3] and under Lemma 
12.31 X is invariant for the action of "H^^. Consider the restriction of 'H.uj in X. Then "H^ has 
In nonzero eigenvalues, counted with multiplicity, all contained in (oj — m,m — uj). The positive 
eigenvalues can be listed as < Ai(aj) < ... < A„(aj) < m — lo, where we repeat each eigenvalue 
according to the multiplicity. For each Aj(a;), also —Xj{Lo) is an eigenvalue (this symmetry follows 
from ()2.9p ). There are no other eigenvalues except for 0. 

(H:7) The points and ±(m — w) and ±(m + lu) are not resonances for fiuj, see (|1.2p - (|1.3p below. 

(H:8) Suppose that A e M with |A| > m — w is a resonance for Hu:, that is one of the following two 
equations admits a nontrivial solution: 

u e L2,-^(R3 c8) 



(1-2) 
(1-3) 



(1 
(1 



R 



„(A)K.)w = 0, 
„(A)VL)^. = 0, 



for some r > 1/2 
for some t > 1/2 



Then if u satisfies either (II. 2p or (II. 3p we have u G L'^iJS? , C*) and A is an eigenvalue of T-L^^. 
(H:9) There are natural numbers Nj defined by the property < Nj\j{ijj) < m ~ lo < {Nj + l)Xj{uj). 
(H:10) There is no multi index p G Z'' with \p\ :— \pi\ + ... + \pk\ £ SA^i + 3 such that p ■ X ^ rnztu. 
(H:ll) If Aji < ... < Xj^ are k distinct A's, and p £ Z'' satisfies |^| < 2A^i + 3, then we have 



PiXj^ H h PkXj^ = 

(H:12) The nonlinear Fermi golden rule ()11.12p is true. 



^ = 



The space of functions satisfying (H:4) is invariant by (jl.ip . Except for the smoothness with respect to 

Continuous dependence on uj 



the parameter w, for some non-linearities (H:2) is a consequence of [32] 
for some examples is proved in [37j . 



Remark 1.1. 2aj is always an eig envalue of in L'^{R^,C^), |20]. So for 3cj > m we ha ve 2w e 
(m — uj,m + uj) is an embedded eigenvalue. We can avoid it thanks to the symmetry (H:4) since the 
eigenvectors do not belong to X, see Lemma 13.11 below and subsequent comments. Reducing to the 
space X reduces the number of parameters, simplifying the problem. The parameters eliminated involve 
translation and orientation of the solutions. For work on moving ground states of the NLS see [27] . 
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Remark 1.2. By (H:6) (H:8) there are no resonances for the restriction of Hui in X. (H:8) is proved 
in the case of the NLS assumption in f29^ . In the case of the Dirac system we are not able to prove it 
except for resonances contained in (— w + m,uj — m) or for large energies. This is yet a consequence of 



the strong indefiniteness of the energy of the Dirac system. We expect that (H:8) can be eliminated. 
1.4. Main results. The main result in this article is the following one. 



Theorem 1.3. Suppose that O C (m/3, m) and fix fco ^ 4 

standing wave of (jl.ip . Letu{t,x) be a solution to (jl.ip . Assume (H:l) (H:12) 

eo > and a C > such that for any e € (0, Eq) and for any uq with inf-ygR ||uo — 
exist UJ+ e O, 6 e C^(M;M) and h+ e with \\h+\\fjko + - cji | < Ce such that 



Pick cji G O and let 0;^^ {x) be a 
Then, there exist an 
'^^^4>i^i\\H>'o < e, there 



lim \\u{t, 



,i0(t). 



itD„ 



\H''a 



0. 



Remark 1.4. The constraint 3aj > m allows to exploit the nonlinear Fermi Golden Rule (FGR) like for 
the NLS in [2^ by circumventing the strong indefiniteness of the Dirac system. We expect that that the 
hypothesis 3a; > to can be eliminated. Specifically, it is used to guarantee that appropriate multiples 
of the eigenvalues belong to portions of the spectrum where there is no superposition of the continuous 
spectrum of distinct coordinates. This fact and our results continue to hold if 3a; < m and (2iVj -|-l)a; > m 
for all j = 1, n, see Remark 111. 31 

Remark 1.5. Energy indefiniteness affects our methods because it results in superposition of the contin- 
uous spectrum of distinct coordinates. There are two points where our methods are affected. The first is 



discussed in Remark ll.4l The second point is when we take (H:8) as an hypothesis, see Remark 11.2 



Remark 1.6. We do not know of examples oi g and uj satisfying our spectral assumptions. The situation is 
not very different from the case of the NLS where the spectrum is unknown except in few cases. Rigorous 
analysis of examples is certainly a difficult open problem. Like for the NLS, see [T7], one can consider 
numerical analysis. For some example in 1~D see [6j[19]. For NLDE , by a non relativistic bifurcation 
argument, see [HI [37l [31] , it is possible to extend what is known for the NLS equation to the NLDE for 
UJ close to m. 

Remark 1.7. A partial justification of our hypotheses can be given using bifurcation theory from linear 
problem, see [9j [THI [46| |56l [57]. It is easy to prove the existence of "small solitons" for which (H:l) - 
(H:ll) hold. In this context the symmetry 4>u}{—x) = I3(j)t^{x) and in (H:4) are unnecessary. In particular 



(H:6) holds replacing X with i^(R'^,C^). In the set up of small solitons, (H:6) and (H:8) are always 



true while (H:7) and (H:9) (H:ll) hold generically. In the context of small solitons it is easy to prove 



existence of examples with just one eigenvalue A(ai) with = 1 for which (H:12) holds, in fact is generic, 
thanks to the easy form the FGR takes, see formula (1.5) [60 for the NLS. 



Remark 1.8. Under (H:l) (H:ll) we prove that, in an appropriate coordinate system, some key co- 
efficients of the discrete modes equations are non negative. If (H:12) holds, then these coefficients are 
positive and our proof tells us that the continuous modes disperse and the discrete ones decay to 0. 



We expect (H:12) to hold generically. Our proof extends with minor modifications to the case of small 
solitons discussed in Remark 11.71 where even the case of just one eigenvalue A(a;) with = 1 (in fact 
even the case with no eigenvalues) was an open problem. 

Remark 1.9. One can envisage extending Theorem 11.31 to moving red and rotating solitons. This would 
require dropping (H:4) Then, since 3aj > to, one would face the embedded eigenvalue 2a;. Problems 



arising from the possible failure of the dispersive estimates in Sect. 110.11 might be solvable, considering 
that [29] proves smoothing estimates in the presence of embedded eigenvalues. However, looking at the 
nonlinear FGR (which considers multiples of the eigenvalues), we also have the problem that 4a; > to -I- a;. 
So 4a; belongs to a portion of the spectrum where there is superposition of continuous spectrum of distinct 
components and the hypothesis 3a; > m is of no help to avoid this. 



Consider ^ e ker('Hcj — \j{uj)). One of the requirements for linear stability in Definition 13.41 is that if 
^ 7^ then Ss^*) > 0. As it might seem artificial, we prove what follows. 

Theorem 1.10. Suppose that O C (to/3, to). Pick uj ^ O and let (/)uj{x) be a standing wave of (|l.ip . 
Replace (H:5) with the following assumption: 
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(H:5') We assume that satisfies all the conditions of Definition^K^ except for condition (4) which 
we restate as follows. That is, we assume that for any eigenvalue A > the quadratic form 
^ — ?> (^,S]3^*) is non degenerate in ker(HLj — A). We assume that there exists at least one 
eigenvalue A > such that the quadratic form is non positive in ker('H(^ — A). 

Assume \(Ua)W{n:4)\ |(H:5') 



d (H:6) -(H:12) Then (j)u{x) is orbitally unstable. 



We will follow the argument developed in j26j for the NLS. The NLDE is harder than the NLS. For 
example, the regularity of (j)uj in w for NLDE is unknown. The classical methods to prove orbital stability 
in [Tniinil[3Sl|3B], based as they are on the positivity of certain functionals, do not apply to NLDE because 
of the strong indefiniteness of the energy. We already mentioned some initial results for the Dirac equation 
in [9j[inill3- Like in these articles, we exploit the dispersive properties of the linearizations, adapting 
the methods used to prove asymptotic stability for the NLS initiated in [56l EZl [El [13] and developed 
by a substantial number of authors, see the references in j26j. One of the difficult issues for the NLS, 



was, and still is, to prove that the energy of the discrete modes associated to the eigenvalues in (H:6) 



leaks either in the radiation part or in the standing wave. The solution to this problem was initiated 
in [13], where the eigenvalues are close to the continuous spectrum, and solved in quite general form in 
[26) . see also [21 [25]. We recall that there is leaking because, in appropriate coordinates, the nonlinear 
interaction between discrete and continuous modes yields some dissipative coefficients in the equations 
of the discrete modes, in a way similar to the classical Fermi Golden Rule (FGR). This phenomenon was 
first established in special cases for the NLS in [T3]. The coefficients were identified generally in [5S], 
which built on [33, ■ Their dissipative nature was established in [2^. We refer to [26] for a discussion of 
the fact that it is essential to exploit the hamiltonian structure of the equation. For work extending 
the result in [26] to moving ground states see Remark [TT] 

In this article we follow the same framework of |26j obtaining similar results. In particular the key 
coefiicients in the discrete modes equations are shown to be quadratic forms, see Lemma 111.21 By the 
energy indefiniteness, see Remark 1 1.51 the sign of these quadratic forms is unclear. We can overcome this 
uncertainty if we assume 3a; > m, since in this case there is no superposition of continuous spectrum of 
distinct components and the quadratic forms are easily proved to be non negative. 

We need to develop some of the linear theory of dispersion, which in the case of the NLS had been 
developed in the course of a decade, see [H] [53] ■ Key to dispersion theory is the proof of smoothing 
estimates for Schrodinger operators with magnetic potentials in |30| . There are two points in the article 
where the strong indefiniteness of the energy interferes with our method and they are discussed in Remark 
1.51 We expects these difficulties to be technical and solvable. Notice that in in [9] [THl \M\ these difficulties 
do not arise because smallness of solitons yields absence of resonances for free and the FGR is not 
addressed because of their restrictive hypotheses. 

The instability result in Theorem 11.101 arises from our desire to justify Assumption! (H:5) 



definition of linear stability, see Definition 13.41 The proof of Theorem II. 101 is similar to [24]. That is, we 
show that orbital stability implies asymptotic stability, and we then show that this is incompatible with 



(H:5') All the proofs are conditional on (H:12) that is that a certain non negative quantity is actually 



positive. Presumably this is true generically. 



1.5. Notation and preliminaries. We consider spaces 

(1.4) i^^^«(M^C4) = {/ e 5'(m3), ||(x)^(V)Vl|2 < oo} 

for s, fc € M with norm ||/||//fe.s = || (a;)''(V)'^/||2. Sometimes we will write i?^'* to emphasize the inde- 
pendent variable x. If fc = 0, we write L^'^ instead of iJ"'*. 

For fc G K and 1 < p, q < oo, the Besov space i?p_g(M'^, C*) is the space of all tempered distributions 
/ e 5'(M3,C'') such that 

II/IIb£., = (E2-''"'II¥'.*/II^)'<+^ 

with € C(f'(R" \ {0}) such that J^jei. <?(2"^'0 = 1 for all C G \ {0}, = ^{^'^O for all j G N* 

and for all ^ S R^, and ^ = 1 — X^jeN* 'Pj- endowed with the norm H/Hsfc . 

For A a closed operator on a Hilbert space X we will set Ra{z) := {A — for any z in the resolvent 
set of A. 
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1.6. Structure of the article. The paper is organized as follows. In Sections [2H11 we study of the 
linearization of (jl.ip at the stationary solution, we give some information on the spectrum and on 
symmetries of the linearization, we define the notion of linear stability and we introduce an appropriate 
coordinate system related to the spectral decomposition of the linearized operator. In Sect. [5] and in 
the Appendix we discuss estimates on such operators. In Sect. [6] we discuss we reframe the system in a 
hamiltonian form. In Sect. [7]we look for canonical coordinates. In Sect. I9.2l we reformulate the system in 
these coordinates. In Sect. [S]we apply the method of Birkhoff normal forms. The proofs of the analogous 
parts in |26| work almost unaltered. Having chosen an appropriate coordinate system, in Sect 110.11 we 
begin to prove nonlinear dispersion, in particular estimating the continuous modes. We finish with the 
closing up of the estimates in Sect. [TT]where we prove the Fermi Golden Rule. Specifically we prove that 
appropriate coefficients are quadratic forms and that for uj > m/3 they are non negative. Finally, under 



hypothesis (H:12) which presumably holds generically, we close up the inequalities and we conclude 
the proof of asymptotic stability. Theorem 11.31 We also prove Theorems 1 1 . 1 01 using similar ideas. In the 
Appendix we proves smoothing estimates and scattering estimates. 

2. Set up and symmetries 
2.1. Set up. Since our ambient space is H^" {M.^ jC*") with ko > A and so in particular ko > 3/2, under 



(H:l) the functional u — > g{uu)j3u is locally Lipschitz and (11.11) is locally well posed, see pp. 293-294 



volume III [55. Consider the solution u{t,x) of (|l.ip . Then by (H:4) wc have u{t,—x) ~ /3u{t,x) and 
u{t,—xi,—X2,X3) = S3u{t,x). We write the ansatz 

(2.1) ^e'-'W (x)+r(t, a;)). 

Inserting (|2.1[) in (|l.ip we get from the definition of (p^^ 

- 9\(t>iu(t}4'uj(t))i4>u,{t)r)f3(f>^(t) + {-dit) + w(i))(0^(f) + r) - i(lj{t)du;(j)u:{t) + n{r) 
where n(r) — 0{r^) is defined by 



n{r) : = g{{(l)u{t) + ^■)'/'^(t) + r)l3{(j)^(t) + r) - 5(0a;(t)0<.^(t))/30a;(i) 
- 9\<l>,^(t)l>u{t)){Ti>u{t))P'l^u,{t) - 9\<Pu(t)4>u(t)){'l>u,{tyr)P(j)u,(t)- 



We denote by C : C"' ^ the charge conjugation operator :— Cu :— \jia2u* . We have ajC = Caj 
and/3C = -C/3foran j e {1,2,3}, [Ml Sect. 1.4.6]. Since it is anti-linear, foranyu e C{u*) = (Cm)*. 
We state without proof the following simple lemma. 

Lemma 2.1. For any vector v £ we have C^v = v. Moreover we have: 

C{w) ^ -iv", vv = -CvCv, , C(/3v) = -^v", C{Dmw) = -D.^w". 



For uq satisfying (H:4) we have Uq{—x) = —I3uq{x) and Uq{—xi, —X2, X3) — —S^Uq^x). 
Applying — C to ()2.2|) . we obtain 

ir^t = D^r" + uj[ty - g[cf)^(t)4>u(t))Pr'' + 9 {<t^^(t)4>^(t)){r'''¥u.(t))P(t>1(t) 



We set 



■ 3'(0c.(t)0„(t))(C(t)r=)/30^(t) - {m + ^{tmUt) + - '^^it)du><t^Ut) - ^"W- 



(2.3) Huj — 'HuS) + ^ 5 T~LujS) 



Dm - w 

Dm + 



where the first /3 in the last line is meant in the sense of p.Sp below and where {(f> ) stands for the map 
r t-^ (f>r. Then we have: 

(2.4) ill = n^R + {d{t) + w(0)(S3$<. + ^zR) ~ + N{R), 
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Notice that by (H:4) and Lemma [^H we have for T{x) G uj (x), R{t,x)} 

(2.5) T(-a;) ^ P^s^ix) where ^ 

(2.6) and T{—Xi,—X2,X3) = 53S3T(x) where S; 



[3 
13 



S3 

^3 



2.2. Symmetries. We consider now the bihnear map 



(2.7) ((y,(y)=y^^(.,..t+....Ddx. 

By Til; denote the adjoint of Hu: with respect to this inner product. We have: 

Lemma 2.2. We have 

(2.8) = E3'HcjS3 , 

(2.9) Huj = -CSiH^CSi where C ^ ^ 

(2.10) V^{-x) = ^E3V^^(x)/3S]3 with (3 m the sense of ([23]) 

(2.11) xi, — a;2, X3) = S'3l]3VL,(x)53l]3 wii/i ^3 m the sense of ()2.6I 



Proof. First of all, (|2.8p - (|2.9l) hold with replaced by T-L^fi- It remains to check them with "H^ 
replaced by V^. We have V* = i;3VLS3 by 

and from the fact that the matrix in rhs (l2.12p is the adjoint of the matrix in lhs (|2.12p . (|2.9p holds with 
"Hu; replaced by Tiufi by Lemma [^?T] We have 

..1o^ _^/^-(/3(0* )Pr. (/3C )/30^\^ 

^ ^ ^ l-(/3(0^)* )p<t>u )P<t>u ' 



_fipm* YP^ku. -{P4>i y 
\{pm* rp4>z -(/3c )* 



We have for v G 



Then 



iPi^zyv)* = p(^pc^2rjv* = -P<i^:c{v), 

{Pcl^lvy = Pct)^v* = -/3(i/3a20c.)(i/3a2V*) = -/3((/)^)*C(w). 

rhs(i™--('"^^'^- ^^'^^ ^^'^-^CS. 

This yields (I2H). The proof of ((^11})) goes as follows. Using 0(-x) = and (?!)'=(-.t) -Pcp^ix), 

where we omit the subindex w, we have 
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^^'^^^ - ofcifxUM^s, + o'f^ , ^^ ^/'-(/5'^*(^) )m iPirm* )m 

-g(0(a;)0(a;))S3+5(0..(t)0-(t)) )^c(^) -(/3(</)^(:r))* )(/.= (x) 

Similarly 

ov. T^/ ^ w/ //^ T ^ ov. f -{P<l^*{x) )P(t)(x) (/3((?!>'=(x))* )/30(a;) 

/?i]3n-)=.9(0(x)0(.))S3+.9'(0.„0.(,))/3i]3(^_(^;;.(^^/ (^';^!(^);{ /^^y 

= second line of p.l4p . 

The last two formulas yield (|2.10p . Identity (12. lip is proved similarly. □ 
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Lemma 2.3. For A the operator in L^(K^,C^) defined by {AX){x) :— l3T,3X{~x), then = Id, A is 
selfadjoint and cr(A) — {1, —1}. We have [A,?^;^] = [A^Hujo] = 0. 

For B the operator in L'^{R^,C^) defined by {BX){x) Ss'EsXi-xi, ~X2,X3), then = Id, B is 
selfadjoint and cr(B) — {1, —1}. We have [BjHuj] = [B^Hujo] = 0. 

Moreover, [A,B] — 0. 

Proof. The first sentence is elementary. The second follows by [A,yl] — for A — Dm, 'S3 (straightfor- 
ward) and A — Vuj, from ()2.10p . The statements for B are obtained similarly. [A,B] = is elementary. 

2.3. Energy and charge. We have the following elementary result. 
Lemma 2.4. Let = {u,Cu). Set for G(0) = and G'{s) = g{s) 

E{U) = Ek{U) + Ep{U) , Ek{U) = / {Dmu)u*dx, Ep{U) = - [ G{uu)dx, 

Q{U) = / uu*dx. 

Then E{U) and Q{U) are invariants of motion for (jl.ip and we have 

E{U) = i(i/3a2S3SiA„C/, U)- f G (^U ■ iaaSgSiC/) dx 
(2.15) ^ -^K" ^ 



where for (• , •) see (|2.7p . U satisfies system 

(2.16) ill = 1^021^3^1^/ E{U). 

Proof. For any symmetric operator A acting on i^(R'^, C'') with the domain invariant by C and anticom- 
muting to C and any u € D{A), 

,^ u ■ (Au)* + u* ■ (Au) u-il3a2CAu + if3a2Cu- Au 

u ■ (Au) ~ = 

^ ' 2 2 

—u ■ i/3a2Au'^ + i/3a2u'^ ■ Au —u ■ i/3a2Au'^ + u'^iPa2 • Au 



2 2 

= —U ■ (3a2'S3T,iAU , where we write A for A — ^ 

If A commutes with C, then a similar calculation shows {u, (Au)*) — -^{U, (3a2'i^iAU). These identities 
for A = Dm, A ^ (3 OT A = I prove the lemma. □ 

3. Spectrum and linear stability 

From now on we restrict attention to X = {T G L^(M'^,C^) : T(— x) = /3E3T(a;), T(— xi, — a;2, 2:3) = 
5'3i;3T(x)} := ker(A - Id) n kcr(B - Id) C L^{M.^, C^). It is invariant by H„,o and Huj, see LemmaO 
We consider the spectrum 

aCHu;) = {A e C, -Hc^ - A/d : X n H^{M.^, C^) i-^ X is not invertible} 

We summarize what we know about the spectrum. 

Lemma 3.1. (1) For the essential spectrum we have, (Toss('Hcj) — {— 00, uj — m\U [m — lu, +00). 

(2) For each z £ (JpiHui) the corresponding generalized eigenspace Ng{'H^ — z) has finite dimension. 

(3) If z E <y{%u) then also —z e cr{'Hu:)- 

(4) For the generalized kernel we have Ng{'H*^) D {"I>(j, I]3(9ij$^}. 
2 
2 



(5) 9(j||0Lj|l2 7^ implies that there are no v such that H^jV = d^^^^^. 



(6) We have Hu^Y = -2ujY and n^CJ^iY = 2ujCY.iY for Y := ( "i"2a3^0cu j _ ^^^^ T{-x) 



-/3E3T(a;) forT^Y^Cl^iY. 



Proof. We have that (1) and (2) are consequences of the above discussion. If z e crcss(^tj) then (3) is 
a consequence of (1). If z is an eigenvalue, then (3) is a consequence of (|2.9I) . (4) is a consequence of 
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Ng{7iu:) 2 {S3$i^, which can be seen as follows. By the gauge mvariance of the nonlinearity, 

G((e'^u)(e'^M)) = G{uu), where G is a primitive of g, we have 

Then differentiating with respect to uj (11.11) and taking its image by C, we obtain Huid^j^ui — —^3^ui- 

(5) follows by the following argument, if we assume existence of v s.t. HajV — daj^uj, 

= {dujipuiAVl + {duoipljAu,) = dui\\(j)ui\\l ^ 0. 

(6) is obtained by a direct computation. □ 

Remark 3.2. From (|2.8p . if z e <y{T-L^) then z E o'('Haj). So if z G criHuj) then {z, —z,^, — z} C (j{T-L^). 
Remark 3.3. The observation that 2uj is an eig envalue oiU^ in L2(]r3 £-2) ^.^ [jg]. For 3u; > to the 

eigenvalue 2w is embedded in the continuous spectrum. The fact that the vectors in Claim (6) Lemma 
13.11 do not satisfy the symmetry ()2.5|) and are not in X, shows that the existence of this eigenvalue does 



not interfere with our proof. Obviously the symmetry (H:4) is crucial. 

We have the beginning of T-L^ invariant Jordan block decomposition X = Ng{Huj) ® ^^{'H-tj)- Linear 
stability means to us what follows, see [23]. 

Definition 3.4 (Linear Stability). A standing wave e^'^'^cj)^: is linearly stable when the following hold: 

(1) a{H^) C R; 

(2) iV3(H) = {E3*^,9^^^}; 

(3) for any eigenvalue z ^ of V.^ we have Ng{'Huj — z) = ker('Hj^ — z)\ 

(4) for any positive eigenvalue A > and for any ^ e ker(Hw — A), we have S3C*) > 0. 

ks 
(3.1) 



As a consequence of (H:5) the Jordan decomposition can be continued as follows: 

X = Ng{H^) ® ( ®,- ± ker(H^ T X,{uj))) ® LI{H^) with X,(H^) = {Xrf(K)}^ n X, 
where for K = Hl^l-i^ we set Xd(A') Ng{K) ® ®j^± ker(A: =F Aj(a;)). 

Let a;))j be a basis of ffiJLi ker('Htj — ^j(^)) so that each vector is smooth in both variables, with 

|9"^^j(w, a;)| < CQe^°°l^l for some Cq > and > 0. This can be proved by the Combes-Thomas 
method p] using |(H:2)] We normalize £,j{uj,x) so that = (^j, £3^*) € {1, -1} and (^^,£34*) = for 



j ^ i. In Theorem ll.3l for all j we have Sj = 1 while for Theorem 1 1 . 1 01 we have Sj = — 1 for at least one j. 
From the calculations of this section, we have built a dual basis. Hence, given any vector X , we have 

q'{uj) q'{uj) 

n n 

J2eAX, (e'^^^I]30)*>e'''^''G- +E^^(^' (e'^^^EiSsGC,) *)e'^^''SiGO + e'^^^P.(H.)e-'^3>5^^ 

with PciHuj) the projector onto Xc('Hu;) with respect to decomposition p.ip . More generally, for X G 
L^(R'^,C^) = X® X"*-, see the simultaneous spectral decomposition of A and B in Lemma [2.3[ we 
denote by Pc{Huj)X the vector obtained first projecting in X and then in Xc('Htj). By duality, we have 
the following lemma. 

Lemma 3.5. Suppose that for a given uj € O the conditions of Definition\3.4\ are satisfied. Then 



(3.3) X = Ng{n*J ® ( ®j,± ker(K T A,(^))) ® X,(H:) with Xe(K) {Xd(H^)}^ 
Any 1 form a = (a'*, ) can he decomposed as follows: 

q [id) ^ ' Q {^) 

n n 
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4. Modulation and coordinates 
4.1. Modulation. Consider the U in (|2.3I) . Then, in the notation of (12.31) . (|2.1[) can be written as 

(4.1) [/ = e'^^^($^ + i?). 

Consider the following two functions 



Notice that R £ N^il-Ll) if and only if J"(C/, i?) = ^(C/,a;,t?) = 0. By |(H:2)| the map uj e O 
H^{E?) is C°° . Then J" and Q are C°° functions with partial derivatives 

c., I?) = -i(I]3e-'^^'' 

We have J^(e'^3''$„, i9) = ^;(e'^^'''$^, w, z9) = 0. For U = e}^^^^^ in (g^) we get 



Then by the implicit function theorem and (H:3) there is a unique choice of functions 6 = 0{U), uj = uj{U) 
which are C°° and yield to the following lemma. 

Lemma 4.1 (Modulation). For any uti E O there exist e > and C > such that for any u E H^{M.^) 
with II u — e'^'i^t^j II < e < e, there exists a unique choice of {^,uj,r) such that \uj — Ldi \ + — -dil < Ce for 



a 



fixed C, Re N^in*J and g3]) hold. 



Consider the two C°° functions : C/ e B^i (e*^''°$i^i , e) ^ M. Inserting in (g^l) we get 

= -i(S3i?, $:) ; = -q'iuj) + {R, ; 

- 6^'^^'"$: ; Gu = e-'^-^''S3a„$: ; 

= -i(g'(c^) + (i?, 5^$:)) ; = (i?, 23^2$* ) . 



Then, if we set 

(4.3) A := 



-q'iLu) + {R,d^<^>*J -i{E3R,K) 
{R,^,dl<S>l) -i(g'(u;) + (i?,a.$:)) 



we have the following equality 
(4.4) A 



where given a vector field X and a scalar valued function F, we have XF = (Vi^, X) = dF{X), with cZF 
the exterior differential and VF the gradient. 

By the above discussion we obtain the following lemma. 

Lemma 4.2. We have the following formulas: 

jq'juj) + {R,d^'f*J) (e'^3^$)* - i^sR, (e'^3^S39^j>)* 



Vw = 



(g'(c.))2 - + (S3i?, S392$* ) 
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4.2. Coordinates. For ui G O we consider decomposition (13. By PcCHu) (resp. PdCHu:)), or simply by 
Pc{oj) (resp. Pd(a;)), we denote the projection on Xc(H(^) (resp. "Kd^Huj))- The space Xc(Hc^) "depends 
continuously" on w, as Pc(w) = 1 ^ ^ci(w) depends smoothly on cj. 

By Lemma [4. II we specify the ansatz (|4.ip imposing a; S O, ?? S M and R S N^{H'^). Fix where 
(7(a;o) = ||mo|||2. For uj close to luq the map Pc{Huj) is an isomorphism from Xc(Hljo) to Xc(Hlj). In 
particular we write {zj is the complex conjugate of the scalar Zj) 

n n 

(4.5) N^{n:) 3i? = ^z,e,(w) +5]2,SiCe,(w) +P.(H.)/, / e X,(H.J. 

Setting z ■ £^ — X]j=i -^j^i ^^"^ ^ ' ^iC'C = Sj=i ^j^iC'Cj, we write 

(4.6) {/ = e'^^'" ($„ + z • C(^) + ^ • SiCe(w) + Pc(H^)/) 

cj G C close to Wo, /) G X Xc('Hcjo) close to 0, are our coordinates. In the sequel, we set 

n n 

Then we have the vector fields 

A = e'^3^5^(<i, + i?) A ^ ie'^3^s3($ + R), 

(4.7) . 

In particular, given a scalar function F, we have 

9„F = (VP, e'^^''a„($ + i?)) , = i(VF, e'^^''E3($ + i?)), 
a.^.F - (VF,e'^^''0) , a^^P = (VP,e'^^''EiC$,). 

Lemma 4.3. We have the following formulas: 



£,Vz, =-(SiS]3(Ce,)*,a^P)V^-i(S]iI]3(Cej)*,E3i?)Vi? + e-'^^''EiE3(Ce,r 
/'({/) = (P,(c.)P,(t^o))"'i^c(^) [-d^Rduj ~ iI]3Pd7? + e-'^-'" 11] , 
with {Pc{iLi)Pc{ujQ)y^ : Xc('Hc^) Xc('Hcjo) ^^Je inverse of Pc{uj)Pc{ujq) : Xc(Hc^„) ^ Xc(Htj) and 

Proof. The proof is similar to the proof of (ISl Lemmas 4.1-4.2 ]. Let us see for example the proof of the 
first formula. Equalities — Sji, = = — and V/Zj =0 are equivalent to 

(Vz„ e'^^'^e^) = S,,, (Vz,, e'^-^-'EiCe^) = = (Vz„ e'^^''l]3($ + P)) 

(Vz„ e'^^"'a„($ + P)) = = (Vz„ e'^^''Pe(c^)Pc(c^o).9) V.g G X,(H^J. 

Notice that the last identity implies Pc('H* jPc('H* )e'^3''Vzj = which in turn implies Pc{n'^)e'^'''^V Zj = 
0. Then, applying p.2p and using the product row column, we get for some pair of numbers (a, b) 

where in the last line we used (j4.4l) . Equating the two extreme sides and applying to the formula (■, ^) 
and (•, 1^), by (Vz„ £) = (Vz„ ^) = {V^, £) = (Vu;, ^) = 0, by (Vz?, ^) = (V^, £) = 1 and by 
(|47f|) and dH]), we get 

a\ /(S3C;,5^P)' 
i^i(E3e;,S3P), 



This implies 



Vz, = -£,((E3e;,9.i?),i(E3e;,S3P)) +£,e-'^^''E3^;. 



□ 



on stability of standing waves of nonlinear dirac equations 

5. Smoothing and dispersive estimates 

We collect the statements on linear theory needed later to prove the nonlinear estimates. 

Lemma 5.1. The following facts are true. 

(i) For any r > 1 there exists C independent of uj s.t. 



(5.1) \\RD^{z)iA\L^.-r < C\\iIj\\l2.^ for all z(^R 

(5.2) ||i?«^,„(z)V|U2,-. < CMl2,. for all z ^ M. 
(ii) For any r > 1 the following limits 

(5.3) R^^^ (A) = lim Rd^ (A ± ie) and R+^ ^ (A) = lim Rn^ ^ (A ± ie) 

exist in _B(iJ^''^, i^'^'^) and the convergence is uniform for A in compact sets. 

Proof. Estimate (|5.ip implies (|5.2p . Then (i) is the content of [39l Theorem 2.1] while (ii) is contained 
in [31 Theorem 1.6]. □ 



Lemma 5.2. We have R-h^ g{x,y, X) — R-u^^ix — y,X) 
for A ^ o-{Hu:,o) with 



(x — A + cli) 

Rd„Sx - y,X~ uj) 



(5.4) 



(A + m)l2 i\/m^ — K^a ■ x \ e 



-Vni^— A^l^l 



47r|a;p 



^^"^^'^^ V\/m2 -K^a-x (A-m)/2 / 47r|a; 
where x — x/\x\ and where for ( = e"'r wz</i r > a77.rf G (^""i "") set = e^^l"^^ . 
Proof. This is [59l Identity (1.263) section l.E]. 



□ 



Remark 5.3. R]j (a;,A) for A > m (resp. A < — m) is obtained substituting ^/ rn^ — A^ in (|5.4p with 
— iV A^ — = lim \/ nri^ — (A + leY (resp. \\/ A^ — vn? = lim \/ nri^ — (A + ie)^). 

Theorem 5.4. For any t > 1 and /c e M 3 C s.t. 



-itD„ 



JtD„ 



F{t)dt\\H^ < C||F||i2(K,ff.,.), 



t'<t 



T/ie same estimates with the same constants hold when we replace Dm with "Hufi- 

Proof. This is [TO] Theorem 1.1] in the free case. But can be easily deduced from Lemma |5. II using tools 
in gi Section Xm. 7]. □ 



The following theorem is a special case of Theorem 1.1 [3]. 



Theorem 5.5. For any r > 5/2 and fc G M 3 C s.t. 



-itD„ 



'iJj\\h'=.-t(ji3\ < C{t) 2 ||-0||^fc_T . The same 



estimates with the same constants hold when we replace D„i with Huj.o- 

Theorem 5.6. For any 2 < p, q < oo, 6 e [0, 1], with (1 - |)(1 ± f ) = | and {p, 9) ^ (2, 0), and for any 
reals k, k' with k' — k > a{q), where a{q) = (1 + |)(1 — |), there exists a positive constant C such that 

||g '*'°"V'||iP(Jj,^sfc^(R3_C4)) ^ ||7/'||^fc'(]g3_C4) > 



\tD„ 



<C\\F\\ 



F{t) dt 
-■At-t')D^F{t')dt' 



t'<t 



<C\\F\\ 



-•q,2 'i"'*)) 

for any {a,b) chosen like {p,q), and h — k > a{q) + a{b). Exactly the same estimates hold with D„ 
replaced by Hujfl. 
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Proof. For Dm see [TU], see also [2] for the Klein-Gordon case. For Hui.o the statement is an immediate 
consequence of the case Dm- O 

Lemma 5.7. Consider pairs (j),q) as in Theorem \5.6\ with p > 2, fc g R arbitrary and k' — k > a{q). 
Then for any r > 1 there is a constant C'o = Co(t, k,p,q) such that 



e'D^i^'-^)F{t')dt' 

The same estimates hold with Dm replaced by Huj.o 
Proof For F{t, x) £C^{Rx R^) set 



TPak 



<Co||F|j^.^.,... 



TF{t) 



+ 00 



At'-t)Dr.F{t')dt' , f= / e'''''^F{t')dt' 



+ 00 



Theorem EJ implies \\TF\\^pgk^ < ||/||^.' for k' ~ k ^ a{q). By Theorem [531 we have WfWn^ < 
C\\F\\j^2jjk' .r ■ Since p > 2, by a well known lemma due to Christ and Kiselev [T5], see Lemma 3.1 [5^, 
the statement of Lemma 1 5. 71 follows. □ 

Lemma 5.8. Let ti > 1, K. a compact subset of O and I a compact subset o/ cre(H(.j)\{±(m ± w)}. 
Assume (H:l) and (H:6) (H:8) Then there exists a C > 0, such that 

||e-'*«-"i?+JA)Pc(c^)V'o||L^--i(R3) <C(i)-i||7/'o||r^-i+i(R3) 
for every t > 0, \ e L uj e IC and ■00 e C^). 

Proof We expand i?:^^(A) = ,(A) - i?^^^ (A)K;i?+^ (A). We have from [HI Theorem 2 ] 



with Ci locally bounded in A and ti. Hence, by exponential decay of (f>uj and by ()5.5p below, 

□ 

Lemma 5.9. Assume the hypotheses of Lemma \5.8[ Then for any r > 1, for any k £ "L with k > 0, for 
a constant C2 = C'2(t, lu, k) semicontinuous in w, for any T > and for any V g{t, x) G S'(M'*), we have 



e-^(^'^)^-P,{H^)g{s,.)ds <C\\g\ 
Proof. It is not restrictive to focus only on T = 00 and fc = 0. By Plancherel inequality we have 



II / e-~'^'--'^^-Pc{n^)g{s,-)ds\\^,^2.-. < ||i?iJA)P,(H„)x[o,+oo)*A?(A,x) 
Ji 

< 



\\RnJ^)Pci'^'-^)\\B(Ll'\Ll'--)\\X%+oo) *A?(A,x)||^2 

We are done if we can prove 

(5.5) II^.(A)P,(HJ||^^(R 
By (jA.3p and Lemma [A. II we have 

(5.6) ||i?+JA)P,(Hj||5(^2..^^2,-.) < ||(l + Ai?+^^(A)i?*)-i||B(x,x)PS^,„(A)||5(^2,._^2,-.). 

To prove (|5.6p it is enough to consider A G (M\[— m + a; + (5o, to — — (5o]) as in (jA.4[) . Then we 
can exploit inequality (jA.4[) to bound uniformly in A the first factor in the rhs of (15. 6p . The proof 
that ^{X)\\b{l'^'^ l^-"^) < C for a fixed C is a consequence of || Ai?^^(A^)|j^^^2,T l^--^) — C" and 

||Vi?+^(A2)||^(^2,x ^2,-^-1 < C" by (|A.7p - (|A.8p . The last two inequalities are proved in [T] 

□ 
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6. HAMILTONIAN STRUCTURE 

The discussion in Sections [BHZl is almost the same of j26j, rewritten in the context of the Dirac systems. 

6.1. Symplectic structure. We recah that in view of Theorem 11.101 we set ej — (^jjSa^*) where 
Ej G {1,-1}. Notice that in Theorem 11.31 and in f26|, we have ej = 1. Our ambient space is X. We 
focus only on the subspace formed by the points which satisfy Eif7 = CU. In view of ()2.16|) . the natural 
symplectic structure is il{X,Y) := {X,\l3a2^iT,3Y). 

The Hamiltonian vector field Xq of a scalar function G is defined by the equation n{Xc,Y) = 
-i(VG, Y) for any vector Y and is Xq = l3a2^3^iVG. 

We call Poisson bracket of a pair of scalar valued functions F and G the scalar valued function 

(6.1) {F,G} = {VF,Xg) ^ iniXF^Xc) = il7(Vi^, VG). 

This can be extended to vector valued function using 1-forms or equivalently defining the extension the 
following way. 

Definition 6.1. Given a function G{U) with values in X-dHujo), a symplectic form ft and a scalar function 
F{U), we define {Q^F} = Q' {U)Xp{U), with Xp the Hamiltonian vector field associated to F. We set 

{F,g} ■.= -{g,F}. 

Lemma 6.2. Let Q be the function defined by ()2.15|) an(j let Xq its Hamiltonian vectorfield of Q. Then 
Xq = — ^ ■ We have the following formulas : 

(6.2) {Q,Lo}^Q, {g,n-l, {Q,z,) = {Q,z,} = Q, {Q, /} = 0. 
Proof. (113) follows from Xq = The latter follows from (|4J)) : 

d 



Xq = /3a2S3SiVQ = ^a2S3i;ii/?a2SiC/ = -i^3,U = ^'q^- 



□ 



6.2. Hamiltonian reformulation of the system. For any scalar function F, the time derivative of 
F{U(t)) is {VF{U),U) and thus if U satisfies ([2J6l) it is {F,E}. A similar identity holds for vector 
valued function and thus as in [26_ we write our system as 

(6.3) u = {lo,E}, f = {f,E), i,^{z,,E}, i)^{d,E}. 

For uq the initial datum in (|l.ip , we introduce a new Hamiltonian for which the stationary solution $^1)0 , 
with q{ijJ()) = ||uo||^2, is a critical point : 



(6.4) K{U) = E{U) + uo{U)Q{U) ~ lo{U)\\uo 



Ml- 



By Lemma 16.21 and since Q{U) is an invariant of the motion, see Lemma 12.41 the solution of the initial 
value problem in (|l.ip solves also 

(6.5) Lu = {uj,K}, f^{f,K}, Zj = {zj,K}, ^-Lo = {d,K}. 

By -^K — and (|6.2p the right hand sides in the equations (|6.5p do not depend on Hence, if we look 
at the new system 

(6.6) lo^{lo,K}, f = {f,K}, Zj^{zj,K}, ^ = Rif}, 

the evolution of the crucial variables (w, z, f) in (|6.3p and (|6.6p is the same. Therefore, to prove Theorem 
ll.3l it is sufficient to consider system (|6.6p . 



7. Application of the Darboux Theorem 

We will show that a resonance phenomenon is responsible for energy leaking from discrete to continuous 
spectrum. This will be seen in appropriate coordinates system, obtained by means of Birkhoff normal 
forms. Since the coordinates (|4.6p are not canonical for the symplectic form il, it is natural to apply 
Darboux theorem, moving to a different set of coordinates. It is key that our nonlinear Dirac equation 
remain semilinear. Hence we follow the argument of |26i Section 7], which takes care of this, and to which 
we refer for more details. 
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Strategy of the proof. For q = q{iu) = ||0i^||^2, we introduce the 2-form 

(7.1) = idd Adq + Ejdzj A dz^ + {f'{U)-, il3a2^3^if{U)-), 

summing on repeated indexes, with f(U) the function in Lemma 14.31 f'{U) its Frechet derivative and 
the last term in ([73]) acting on pairs (X,Y) hke {f'(U)X,i(ia2T.:iT.if'{U)Y). 
The proof of the Darboux Theorem goes as fohows. First consider 

(7.2) Vtr^{l- r)17o + rl7 = 17o + rf] with f2 := - VIq. 

In Lemma m| we check that ^o{U) = D.{U) at C/ = e'^^'''$tj(, . Then fi^ is non degenerate near e'^^''$t^(,. 
One considers a 1- form 7(r, U) such that d7(r, U) — Q, with ^{U) = Q a.i U = e'^^^'^cjn (external 
differentiation will always be on the U variable only) and the vector field such that iy^VLr = —7. The 
flow 3^7- generated by , close the points e'^^''$i^o is defined up to time 1, and is such that = i^o by 

(7.3) 



This procedure can be carried out abstractly. But here we need to be careful, choosing 7 appropriately, 
because we want the new Hamiltonian K — Ko^i to be i9 invariant and yield a semilinear Dirac equation. 

In the sequel of this section all the work is finalized to the correct choice if 7. In Lemma l7.2l we compute 
explicitly a differential form a and we make the preliminary choice 7 = 0;. This is not yet the right choice. 
By the computations in Lemma 17.31 we find the obstruction to the fact that K is of the desired type. 
Lemmas I7.5H7.8I are necessary to find an appropriate solution of a differential equation in Lemma 17.91 
Then 7 = a + idF is the right choice of 7. In Lemma [7. Ill we collect a number of useful estimates for "Si- 
Lemma [7.121 contains information necessary for the reformulation of our system (|8.ip - (|8.2p . 



Preliminary remarks. Note that for U in a sufficiently small neigborhood of that is R small, from 
(|3.2p the vector fields defined in (|4.7p can be completed into a basis of TjjL^ (tangent space at U). For 
any vector Y S TjjL^, we have 

y-y^4-,+Y^^+Y^Y,^+Y^Yj^+ ^^^^p^{uj)yj 

d-d duj ^ dzj ^ ^ dzj 
and defining the dual basis we set 

Yi) = d-diY) , Y^ - duj{Y) , Yj = dzj (Y) 
Yj = dz,iY), Yf = f{U)Y 
So similarly, a differential 1-form 7 decomposes as 

7 = -y'^dd + -f'^duj + j^dzj + yd;zj + (7^', /'•), 

where (7-', /'•) acts on a vector Y as (7-'^, f'Y), with here j-^ G L1{'H'^^)\ 7'', 7'^, 7-' and 7^ are in C. 

Notice that we are reversing the standard notation on super and subscripts for forms and vector fields. 

In the sequel, given a differential 1-form 7 and a point U , we will denote by 7(7 the value of 7 at U . 

Given a function x, denote its hamiltonian vector field with respect to VL^ by : ix^^r = ^idx- 
By dill) we have = -1^. 

The proof. We have the following preliminary observation ensuring that fir is a non degenerate 2-form 
in a neighborhood of e^^^^^^jo- 

Lemma 7.1. At U ^ e'^^''*^,,, for any we have r2o(t/) = ^{U). 
Proof. See also p6i Lemma 7.1]. Using (j3.2l) we get, summing on repeated indexes, 

n{X,Y) = {X,i(3a2^3^iY) = 

+ e,(.,e-'^3^S3?;) A (•,e-'^3''EiE3(C?,r)(X,F) 
+ (Pc(H^)e-'^^''X,i/3a2S3SiPc(H„)e-'^^''r). 

Set 

det A. 

(7.4) ai := -iq' + + (P^^(„. jiEii?, i/^asSaSi^^i?). 

q' g y 
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Then ai is smooth in the arguments w G O, z G C" and / G H^^ (see (|1.4p for the definition) for 
any pair (K' , S') with, for (z, /) near 0, 

(7.5) \a^\<CiK',S')i\z\ + \\f\\H-.,.-s'r 

by (I4.3|) . Furthermore ai is imaginary valued. By Lemmas 14.21 and 14 . 3[ summing on repeated indexes we 
get 

n = {iq + ai)d'd A du + Sjdzj A dzj 

+ dzj A ((EiI]3(CCj)%9c.i?> duj + i(I]iI]3(C^,)*, Sgi?) d^) 
- dz, A {{J:3Cj,d^R) du: + i(S3C*, Ssi?) d^) + 
+ (Pc(t^)Pc(c^o)/'-,i/3a2S3SiFc(w)Pc(^o)/'-) + 

+ i{P,{uj)P,{LUo)f'; i/3a2S3SlPe(^)S3-R) A dd. 

At points U = e'^3''(j)^^ that is for i? = 0, we have 

(7.6) n^id^Adq + Sjdz, A dz, + {P,{uj)P,{ua)f'-, iPa2^3^iPc{io)Pc{uJo)f'-). 

which at w = Wo gives = fig. D 
Since 51^ = i^o + T{ft — fio) with r G [0, 1] and fi = Oq at e'^^''$tjo, and since fio is a non degenerate 
2-form, 57,- is also non degenerate in a neighborhood of e'^^''$i^o. Thus the map X ix^r from vector 
fields to 1-forms is bijective at any point in the neighborhood of e'^^''$(^o- Notice that Lemma [7.11 is 
claimed at ojq and not at different standing waves, and that the e^^^^^uio are the only stationary solutions 
preserved by our changes of coordinates. 

The next lemma suggests as candidate for the 1 form 7 the choice 7 = a, for a see below. This is not 
yet the final choice of 7. 

Lemma 7.2. Consider the forms, summing on repeated indexes, 

w,{U) -\qd^ - , ~^idz,-z,d-z, ^ 1 (^(^7), i/3a2S3Si/'(C/) ). 
Then dzuQ — flo, dw ~ fl. Set 

(7.7) a{U) -.^ zu{U) ~ wo{U) + dij{U) where tp{U) -.^ , R) . 
We have a = d^d-d + a" do; + {a^ , f) with 

+ ^\\f\\l^~'^\\z-( + z- Siceil^ ~ m{z ■^ + z- Sice, {Pc{cj)m 

-i5R((P,(w)-P,(wo))/,(Pc(c^)/)*), 

(7.8) 1 

a'^ =--{R*,^3d^R), 

Proof. Here the proof is almost the same of [26l Lemma 7.2 ]. We focus on (|7.8p . the only nontrivial 
statement. We will sum over repeated indexes. We have 

^ = i(e^'^^''i/3a2SiS3$, •) + i(e-'^-'''i/3a2SiS3Pc(c^)/, •) 

(7.9) 

+ ^z,(e-'^^^/?a2SiS30, ■) - ^Zj(e-'^^''i/3a2S3Ce„ •). 
By Lemma 13.51 and summing on repeated indexes we obtain 

2 q'{uj) 
(7-10) + f ' ^^'^^ (e-^^3.s3g^^.^ .) ^ e,(li/ja2S,I]3l',g.)(e-'^3^S]3g;, ■) 

- £,(ii/?a2SiS3$, EiCC,>(e-'^^''E3Si(C^,)*, •> + (e-'^^''(Pe(K)^i/5«2SiS3<i>*)*, •)• 
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By i/3a2 5]i$ = i/3a2C'$ = {1/302)^^* — $* we have 
(7.11) (i/3a2S3Si*,a„$) = 



-0, 



by (0, 9i^(/>* 



/ {adu^a + bd^h) dx {(j)* ,d^(f)), see |(H:2)| Then 



(7.12) 

with by 
(7.13) 



-iS3i3 



i/3a2SiS3*,-) = 



- e 

- e,(ii/?a2SiS3$, SiC0)(e-'^^''S3Si(C^,r , •) + (e-'^^''(Pe(K)^i/3«2SiS3$*)* , •). 



9 9 9 



Applying Lemma we get (by \f3a2^if = f* which foUows from J^iU = CU) 



. , „ Zq diZ r, z n dz 
■DjQ = ~iq at) — Ej — — 



-(/({/), i/3a2S3Ei/'(C/)-) 



(7.14) 



i (^-q + ^imh^ d{} + i(I]3i?*,a„i?) duj + +i(i/3a2SiS3 (1 - PMPciuj)) /, /' ) + 



+ -z,(e-'^^''EiS3(Ce,)*, •) - -z,{e-'^^^i:,a,-) + 



i/3a2SiE3^c(c^)/, ■ 



By (|4.6p we have 

(7.15) dv^ = i(E3<i>*,a„i?)dc^ + i(E3r,e,)dz, + i(S3r,EiCc,)dzj + i(S3r,p,(c^)/'. 



Applying to (|7.15l) Lemma 1431 and the identities ([7]) below, we get dij) 
di) 



l(I]3$*,0)(e-'^^''S3e*,-) + i(S3'&*,SiCe,)(e-'^^''SiS3(C0)*,' 



(7.16) 



+ (Pc(K)S3$)%-) 

+ 4(S3a^**,a<,i?)da; 

- ^ (^(I]3'i>*,0)S3^; + (S3$M]iC^,-)I]iS3(Cej-)* + (Pe(K)S3<i>)*, ^3^? ) d^?- 



To get the third line of (|7.16p we have used: 



i(E3r,a^i?) - i(E3$*,c,)(S3C;,5^i?)- 

i(E3$*,EiCe,)(EiE3(C0)*,a„i?)-i((Pe(K)S3<i>)%a.i?) = i(S3<i>*,9.P); 



(E3$*,a„p) - ^(E3$*,E3$)(E3a„$*,a^p) 

9 



2q 



2q 



Let us consider the sum (|7.7p . There are various cancelations. The first and second (rcsp. the first term 
of the third) line of (I7.16P cancel with the second and third lines of (I7.12p (resp. the first term of the rhs 
of (l7.13p V The last three terms in rhs ()7.9p cancel with the last two lines of ()7.14p . The —\qdd term in 
the rhs of ()7.14p ) cancels with the —iqd-d term in (I7.13p . Adding the fourth line of (|7.16p with the last 
term of rhs (|7.13p we get the product of i times the following quantities: 
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(7.17) ' , 

= --($*, i?) + —($*, Sai?) (9.$, S3$*) 

2(7' 9' 
where for the second equahty we have used 

The last equahty in (|7.17l) can be seen as fonows. The two terms in the third hue in (|7.17l) are both equal 
to 0. Indeed, (Sg^*, 9^$) = by (I71T|) and, by i? e N^(ni) and e Ng{n*J, (i?, $*) = 0. The two 
terms in the fourth line in (|7.17l) cancel each other. Then we get formulas for a'^ and . We get also 
by ||Pc(w)/|!i = ll/lli + 25R((P,H - P.(a;o))/, (PcH/)*). □ 

Lemma 7.3. We have, summing over repeated indexes (also on j and j): 

(7.18) tY^o = iq'Y^doj - iq'Y^dd + ej(Y,-dzj- - Y-dzj) + (i/^aaSiSai/, /'•)■ 
For the ai in (|7.4p . and for T — w;e /lawe 

r„ ^aiY^ + y,(EiS3(C0)*,5„P) - rj(S3e;,5-P) + (l/,i/3a2S3SiPca^P); 
-r^ ^aiF^ - iy,(SiE3(Ce,r,E3P) +iyj(E3e;,S3P) - i(yf,i/3a2S3SiPcI]3P); 

(7.19) -r, =(I]iI]3(Cej)*,5^P)rc. + i(EiS3(Ce,)*,S3P)r^; 

Tj =(23^;, a<,P)r^ + i{Y.^Cj,^:iR)Yii; 
i/JaaEgEir/ =(P,(c^o)Pc(t^) - l)i"/ + K.Pc(^o)Pc(c^)a^P + i y^Pc(wo)Pc(w)S3P. 

/ti particular, for 7 = iyxfj^r = iy^^o + tiy^^ we have 

7„ =(ig' + rai)i;; + ry/(EiE3(c^,r,a„p) -Tr-r(E3e*,a^p) 

+ T(r/,i/3a2E3EiP,9„P); 
-7^ -(ig' + rai)rj - rii^^(EiE3(Cej)*, E3P) + Tiy/(E3e*, E3P) 
.^20) -ir(y/,i/3a2E3SiP,S3P); 

-7j =£,(y")j + r(EiE3(Ce,)*,a^P)yj +ir(SiE3(C0)*,S3P)i";; 
77 =£j(>"")j + r(E3e*,5^P)rj + iT(E3e*, E3P)y^; 
i/3a2S3Si7/ =(y^)/ +T(P,(t^o)Pc(t^) - l)YJ 

+TY^P,{iOo)Pc{Lu)d^R + iTy/P,(wo)Pc(^)S3P • 

Proof Identity (fTTS)) is straightforward. Identity ((7^ follows immediately from (frT5)) - (mg| . Finally, 
(|7.19p is elementary linear algebra, and basically the same of [26l Lemma 7.3]. □ 

Remark 7.4. Choosing 7 = a in Lemma [7.31 with J> the flow of Y'^ , then (y^),? ^ is an obstruction 
to the fact that K o is a invariant Hamiltonian yielding a semilinear Dirac equation. So we want 
(y^)^ = or dd{Y'') = iO^(XJ, y^) = 0, with XI the Hamihonian fields oi d . To this effect we add a 
correction to a and define from a + idP where (a + \dF){X'^) = 0. 

Lemma 7.5. Consider the vector field (resp. X^) defined by ix^^T = —'^dd (resp. ix^^T = —idio). 
Then we have (here Pc = Pc{Huj) and P^ = Pd'Hua))' 

~ ^(^3e;,a.P) A _ r(EiS3(CGr ,a.P) A 
- TP0(1 + rP, - TP°)-'P°P,d^R] , , 
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where {X^)^^ is real valued and given by (for the ai in (|7.4I) ) 

a2 := ir(E3e*,a^i?)(SiS3(C^e,r,S3i?) -ir(EiS3(C70)*,5^i?>(e*,i?) + 

(7 23) 

+ iT(F°(l + rP, - TFO)-iFOF,a^i?, i/JaaSgSiPcSai?). 
Proof. The proof is almost the same of [26, Lemma 7.5]. By (|7.20p for 7 — —id-d, satisfies 
W)^ = 0; 

i ^ (iq' + rai)(XJ)^ - iriJ^iJ^^iC^,)* ,^3R){X^h + 
(7.24) + iT(I]3e*, Sai?) W)j - iriiXl) f, i/JaaSsSi^^cSsi?); 

(XJ)/ = t(1 - P°Pc) W)/ - r(X;)^pOPea<,i?; 

= -r(x;)^(EiE3(c^0)%5-^>; - -r(xj)^(S3e;,a^i?>. 

This yields (|7.2ip for X^ and the first equality in (j7.22p . The fact that {X^)^ is real valued follows from 
(|7.22p and the fact that ai and 02 are imaginary valued, which can be checked by the definitions. □ 
The following lemma is an immediate consequence of the formulas in Lemma 17.51 and of (|7.5p . 

Lemma 7.6. For any {K', S', K, S) we have 

.^25^ \'^-{X^hq'\<\\R\\l-K'.-s' 

I + I W)7l + UXDfWHX.s < \\R\\h-k',-s' 

Definition 7.7. Set i?f -^(w) = Pc{uj)H'^-'^ and denote 

(7.26) V^^''^ = C" X i/f ^■^(wo) , V^^'^ = R2 X V^'^ 
with elements (i?, z, /) e P^-'^ and (z, /) G P^-'^'. 

Lemma 7.8. We consider V r G [0, 1] the hamiltonian field X^ and the flow 

^$,(t, U) = X;($.(t, U)) , $o(t, U) - {/. 

('Jj Por any {K',S') there is a sq > and a neighborhood U o/Mx {(cjo,0,0)} inV^^ '^^ such that 
the map (s, r, [/) — > $s(t, [/) is smooth 

(-so, so) X [0, 1] X (Z^ n {c^ = wo}) ^ P"^'^"^'. 
(^S^ Z-/ can be chosen so that for any t G [0, 1] there is another neighborhood Vr o/M x {(i^o, 0, 0)} in 
P~^ '"'^ s.t. the above map establishes a diffeomorphism 

(7.27) (-so,so) X (Z^n{t^ = cjo}) ^ Vt. 

(3) /($s(t, U)) - f{U) ^ G{t, s, z, /) IS a smooth map for all {K, S) 

(-so, so) X [0, l]xiUn{uj = ujo}) ^ H''-^ 
with \\G{t,s,zJ)\\H^.s < C\s\{\z\ + ||/||^_K',-s'). 

Proof. The proof is exactly the same of Lemma 7.7 [26]. We only remark, that the field X^, the flow 
^siT, U) and the function P(t, U) in Lemma 17.91 are defined intrinsically, and so are periodic in d. This 
is because X'^ satisfies these properties, since ix^^r — ^idd with both fir and rft? intrinsically defined 
and periodic in z?. □ 

Lemma 7.9. We consider a scalar function F{t, U) defined as follows: 

F{T,^,{T,U))=i I a$,(t,y)(X;($,,(i,[/)))ds', where Lo{U) = . 
Jo 

We have F G C°°([0, 1] x U,R) for a neighborhood U o/M x {(a;o,0,0)} in P^^''^-^'. We have 

(7.28) \F{t,U)\<C{K',S')\uj-ujo\ (|z| + ||/||^-k',-s')' 
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We have ( exterior differentiation only in U ) 

(7.29) (a + idF)(X;) =0. 

Proof. The proof is elementary and is exactly the same of Lemma 7.8 [26]. □ 
We now have the desired correction for a and below we introduce the vector field whose flow yields 
the wanted change of coordinates. 

Lemma 7.10. Denote by A"^ the vector field which solves ix^^r = ^ol — idF{T). Then the following 
properties hold. 

(1) There is a neighborhood U ofM. x {(cjo,0,0)} in V^'° such that X''{U) E C°°([0, 1] x U,V^'°). 

(2) We have (A"^)^ ee 0. 

(3) For constants C{K, S, K' , S') 



(7.30) 



ml 



< 



M + \\f\\H-'<'-s'f 



2q'{L0) 

+ + WiX^fWH-s < {\z\ + \\f\\H-'<'-s')x 

x{\^~Uo\ + \z\ + \\f\\^^^,.^s'+\\f\\h). 



(4) We have Lx^^ : = [X\ -§^] - 0. 

(5) We have {X-)-^{X-) {X^)f = CI]i(A'-)/. (X^), 



real valued. 



Proof. The proof is almost the same of Lemma 7.9 ] . Claim (1) follows from the regularity properties 
of a, F and ftr and from equations (|7.31l) and (|7.33p below. (I7.29P implies (2) by 

i{X^)i} = -MiX^) = -ix^^^riX^) = ix^^riX^) = -(a + idF)(X;) = 0. 

We have i(A'^)„ = idu}{X^) = -ix^fl^iX''), so 

= ^x^^AX:,) - -(X;)4a'' +Ta,F(e;,i?) - T&jF{^,{Cijr,R) 
+ T(VfF + ia^ ^,"(1 + rP, - tP°)-^P°PcJ:3R)] ■ 
Then by ^M), and l^jEi), we get the first inequality in ([LSO]): 



(7.31) 



(7.32) 



\m 



<Ci\z\ + \\f\\H-.'^-s'f 



2q'{uj) 

By (|7.20p we have the following equations 

id,F = e,(A'^)j + T(SiE3(C0)*,9<.i?)(A'^)c. 
(7.33) -y&jF = e,{X-),+T{J:3^*,d^R){X^)^ 

i/3a2S3Si(a^ +iV/P) = -{X^)f- t{P^,Pc - 1)(A'")/ - T{X^)^P^,Pcd^R. 
Formulas (|7.33p imply 

< \d,F\ + C{\z\ + ||/||^-K',-sO \{Xn.\ 

< \9jF\ + C (|z| + UWh-k'.-s') lix^.l 

\\{X:)f\\H^.s < \\af Wh^.s + \\S/fF\\H..s +C{\z\ + \\f\\H-^'.-s')\{X^U 

which with (|7^ . ((7?5)) and Lemma imply (fOU)) . Claim (4) follows by (a + idF) = and by 

the product rule for the Lie derivative, 

L a (ix^^T) — i\JL j'Tif^T + ix'^L _a_^T = ir_a_ vti^^t- 



It is elementary to check that (|7.3ip and (|7.33p imply Claim (6), when we use the fact that (X^)^ is real 
valued, we consider (|7.8p . the fact that F is real valued. 

□ 

The following lemma gathers some properties of the change of coordinates. 
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Lemma 7.11. Consider the vectorfield X"^ in Lemma \7.9\ and denote by TriU) the corresponding flc 
Then the flow Tr{U) for U near e'^^''$ijo defined for all r G [0, 1]. We have "d o Ti — d. We have 



(7.34) 



with 



q (coiMU))) = q {cm -MM+ e^^U) 

z,(MU)) = z,{U) + £,{U) 
f{MU)) = f{U)+£f{U) 



(7.35) \£JU)\ < (1^ - ^ol + \z\ + ll/llH-^^-s')^ 

(7.36) \£,{U)\ + \\£fm\H-.s < (k - ^ol + 1^1 + II/IIh--',-.' + WfWh) 

x{\uj-ujo\ + \z\ + \\f\\jj-K'.-s'). 

For each ( ^ uj, Zj, f we have £q{U) — £(^{\\ f\\'j^2 , <c , z , f) with, for a neighborhood U^^ o/ {(wq, 0, 0)} 
in '"^ n = 0} and for some fixed aq > 

(7.37) £^{g, uj, z, f) e ((-ao, ao) x Z^-^'^-^' , C) for ( = w, z, 

(7.38) £f{g, uj, z, f) e ((-ao, ao) x U'^'^-^' , H'^^^ D X). 

Proof. The argument is the same of Lemma 7.10 26^, but we review it for the sake of the reader. We 
add a new variable g. We define a new field by 

(7_3g) KYlu = -iKh K + i^^l^ + Td,F {C,,R) - TdjF{j:,{C^,r,R) 

+ T{VfF + iaf,P^{l + tP, - tP^)-^P^PJ:^R)] , 

which imphes that iy^)^ is real valued, by 

xd,F - £,(y^)j + r(EiE3(C0)*, 5.^) 
-i&jF = e,{Y-)j+T{i:^i*,d^R){Y-)^ 

i/3a2S3Si(a/ +iV/F) = -{Y^)f - t{P°P, - l){Y^)f- T{Y^)^P^,Pcd^R , 



where we see {Y^)j={Y-)j, Ci:^{Y^)f = {Y-)f and {Y-)f e X,{H^„), and by = 2((y-)/, i/JaaSi/). 
Then Y'^ — y^(a;, p, z, /) defines a new flow Grip-, U), which reduces to J-r{U) in the invariant manifold 
defined by p = II/II2. Notice that by p{t) = p{0) + /J Ypds it is easy to conclude p{Gi{p, U)) — p{U) + 
0(rhs(I7^). Using , (fT^ and (fTMl it is then easy to get 

g(w(t)) = q{Lo{0)) + f q'iLo{s))Yys = q{Lu{0)) - f ^ds + 0{AsmB)- 
Jo Jo ^ 

By standard arguments, see for example the proof of Lemma 4.3 [2], we get 

q (^(gi(p, U))) = q {uj{U)) - I + £Up, U) 
Zi{Gi{p, U)) ^ Z({U) + £t{p, U) 

figi{p,u)) = f{u) + £f{p,u) 

with £^{p, U) satisfying ([7:371) for C = Z£, ([7:381) for C = / and such that CY.i£f{p, U) ^ £f{p, U). We 
have £q\u) = fcdl/IU, U) satisfying ([7351) for C = w and <!(I7M for C = zi, f. □ 
Eventually we have the desired Darboux type result: 

Lemma 7.12. (Darboux Theorem) Consider the flow Fr of Lemma \7.11\ Then we have F*Vlr — VIq. 
We have Q o F\ = q. If x is a function with d§x = 0, then d^{x ° Ft) = 0. 

Proof. The proof is the same of Lemma 7.11 □ 
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We set H 
(8.1) 

(8.2) 



8. Reformulation of (|6.6p in the new coordinates 
K o Fi. In the new coordinates (16.61) becomes 



' • - n 



dH 



q'^ = - 



dH 



Zj=e.j—, if ^ iPa2T,3T.iVfH. 
ozj 



Recall that we are solving the initial value problem (jl.ip and that we have chosen loq with q{ujo) — lli^oll r2 . 
Correspondingly it is enough to focus on (|8.2p with lu = ujq- Consider the notation of Theorem 11.31 Let 
us focus for the moment on the case ej = 1 in system (|8.2p . Then we prove : 



Theorem 8.1. Assume (H:l) (H:12) Then for any integer fco > 3 there exist eq > and C > such 
that for |z(0) 



t" ll/(0)ll//''o < e < eo the corresponding solution of 
fj. G _ff*=o with ||/±||fl-)co < Ce such that 



2]) is globally defined and there are 



(8.3) hm ||e"'^*^^-\f(t)-e-'^'"/±llH'=o =0 

and limt_>oo z{t) = 0, for i}{t) the exponent in (|4.ip . Fix po > 2 bkc? tq > 1. ief ^ 
Then, we can choose eq small enough such that f(t,x) — A{t,x) + f(t,x) with 

oo 



\ anda{q) = |. 



sup (x)"|A(t,a;)| -¥ as t 



and for some fixed C 
(8.4) 



l/ll kn-^ <C'e- 

Lr([0,oo),B, 2 " )nL?([0,oo),ff^--"0)nL?([0,oo),L~) 



There exist a;+ suc/i t/iat jw^ 



WqI = OdlZ+llj) such that limt_j._|_oo '^(^) = 

Proof that Theorem \8.1\ implies Theorem \1.3\ . If we denote (w, z', /') the initial coordinates, and 
(cjQ, z, /) the coordinates in (18. 2p . we have from Lemma [Y. Ill : 

|z' - z| = 0(|2| + 11/11^2.-2) and II/' - fWHK.s = 0(|z| + 11/11^2.-2) 

for any {K, S) G (M+)'^. The two error terms O converge to as i — > oo. Hence the asymptotic behavior 

of (z', /') and of (z, /) is the same. We also have, from Lemma [7. 11) q (w(t)) — q (wq) — ^^"^^^^ + 0(|z(t)| + 
||/(t)||^2,-2) which implies, say at +oo 

... \\U\? 



lim q{uj{t)) 



lim 



2 y . V 2 

for ix)_(- the unique element near luq for which the last inequality holds. So limf_>.+oo '^(^) 



UJ+. 



□ 

In the case Ej G {1,-1} with ^ 1, using the same argument of Theorem 18. 1[ we prove that solutions 
which remain close to the standing wave, actually have remainder which scatters. We state this in terms 
of the system (|8.2p and the coordinates after Darboux, but of course it can be stated also in terms of the 
original coordinates, as in Theorems I1.3l and ll.l0l 



Theorem 8.2. Assume (H:l) (H:4) (H:5') and (H:6) (H:12) Then there exist eo > with the 



following property. Suppose that {z{t), f{t)) is a solution of l\8.2]\ such that \z{t)\ + ||/(0)||^fco < e < eq 
for all t > 0. Suppose furthermore that there exists a fixed C > such that \\f{t)\\j{k„ < Ce for all t > 0. 
Then there exist /+ G H''" such that ()8.3p holds (case +) and we have limf_>._|_oo z[t) = 0. Furthermore, 
we can write f{t,x) — A{t,x) + f{t,x) as in Theorem \ 8.1\ in such a way that the same conclusions of 
Theorem \8. 1\ regarding A(t,x) and f hold. 

Remark 8.3. Theorem l8.2l is analogous to an observation in |43j regarding the fact that solutions remaining 
for all times close to a standing wave, stable or unstable, converge to it. Among other references see also 

Emu. 



Finally, Theorem ll.lOl that is orbital instability, is a consequence of the following theorem. 



Theorem 8.4. ^ssMme [(Ha)}|(H:4)[ KH:5')| a7irf |(H:6)[f(H:12)[ Then there is a ei > such that for 
any S > there is a solution {z{t),f{t)) of (|8.2p such that |z(0)| + ||/(0)||//fco ^ ^ but there exists t>0 
such that \z{t)\ > ei. 
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8.1. Taylor expansions. We recall that Sj = (^jjSa^j) G {1,-1} is the signature of the eigenvalues of 
Hu,- We set d{oj) :— E{^^) +ujQ{^i^). We recall that wo is the unique element such that q{ujo) — Hwolll 
and G is the primitive of the non-linearity g vanishing at 0. 

Lemma 8.5. The following statements hold. 

K = d{uj) — a;||uo||2 + K2 + Kp with 

K2 := ^£,A,(c^)|z,f + i(i/3a2SiE3H„/,/) and 

3 

(8.5) Kp = {Ge{u:J{x)),l)+ ^ (fc^,(L., z), + ^ z^'z%K^,{Lo,z),\pa2^^^iPc{io)!) 



+ ^(Grf(c.,z),(P,(^)/)«'^)+ / (G5(x,a;,z,/(x)),r5(a;))da 



where for a small neighborhood U 0/ (ojo, 0) m O x C", we have what follows. 

(1) G6(a;,L.,/) = G(i(Pe(a;)/(x))-*a2S3Si(Pe(L.)/(x))), 
k 



(2) k^.{;Lo,z) e G-(Zi,iJf'^(M3,C«), 



(3) K^,{; CO, z) G C°°{U, H^'-^R^ C8) n X), 

(4) Gd{-,L^,z) e C°°{U,H^'^{R^,B{{C^)'»'^,C))), for2<d<4 and G2(-,a;,0) = 0. 

(5) Let '^ri — {(,CC) for C G . Then for G^l- ,uj, z,i]) we have 

yi e NU{0}, ||V^^^^^^^ c^G5(tJ,2:,?7)||^K,S(j5.3_^((j,8)«5 Q < Ci. 

(6) We have fc^i, = kl^, K^^, = -GSii^j.^. 

Proof Consider U = e'^3''($„ + R) as in dUl]) . Decompose R as in (g^]). Set = (/?(a;,z) + Pc{<^)f. 
Let Kp{U) = J h{U{x)) dx, see Lemma then after first a Taylor integral expansion around / at first 
order and a Taylor integral expansion around (j) at fourth order, we have 

h{U)^h{Pc{iu)f)+ f dh{t(p + P,{iu)f)^dt 
Jo 

= h{P,{uj)f)+ I Y.-d'+'h{t^)iP,{u;)fy^dt+ 

i<4 

{1 - s)^^d^h{tip + sP,{uj)f){P,{cj)f)^^dtds 



[0,1]^ 5' 

Since is a critical point of K as it is in the kernel of T-L^Yj^, so in the Taylor expansion of K around 
there is no first order term. The second derivative of K is the bilinear form i(i/?Q;2SiS3'Haj-, •). This 
gives K2. 

The term Kp contains all terms of order higher than 2 in / and z. Thus coincides with the term of 
order higher than 2 in / and z in the above expansion after integration in x. 

The Hamiltonian K is a real quantity and considering its conjugate will exchange z and z and 
lead by a straightforward calculation to the last assertion. The fact that Kf^^{u>,z) g X follows from 
(i/3a2SiS3AX,r) = (i/SaaSiSgX, AF), (i/3a2SiE3BX, y) = (i;3a2SiS3X, BF) and / G X, see Lemma 
\TM □ 

The following lemma is a reformulation with some rearrangements of the above one in the canonical 
coordinates provided by Lemma 17.111 We set 6j be for j G {1, ...n} the multi index Sj ~ i^iji ■••j'^nj)- 
Let A° = Aj (wo) and = (A?, • • • , A^). 

Lemma 8.6. Let H := K o J^i. Then, around e^^^'^^uio we have the expansion 
(8.6) H = d{LJo)-ujo\\uQ\\l + tp{\\f\\l) + H^2^'^ +71^^^ where 



(8.7) H^'^= fc^inil,/ll^)^''^'^ + ^(i/3«2SiE3H.„/,/). 

\ti+iy\=2 
A".(/j-i/)=0 
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and n^^^ = n^) + n^), with 

\^l+u\=2 1^+1^1=1 
T^^=f Gil{P,iu:o)f{x))-ta2^3MPciL^o)f{x)))dx+ V z'^^ / k^,{x, zJJ{x),\\f\\l)dx 

V z'^z'' f [il3a2^i^3H,^.ix,zJJ{x),\\f\\l)ff{x)dx 



\lJ.+v\=2 



+ ^7^f)+7^(^'(z,/,||/||^) 



i=2 



and where the following holds. 

(1) We have ip{s) is smooth with ipiO) = ip'{0) — 0. 

(2) At II /II 2 = we have: 

ki'XO) ^0for\^i + iy\=2 with {p, v) ^ {5„5,) for all j; 

(8.9) (0) — ^j-^j('^o)j where Sj = (Sij, ...,5mj) and here we are not summing in j; 
H,^,{0)=0 for\^ + i^\ = l. 

These kj^J (g) and H^^(x, g) are smooth in all variables with H^f,{-, ■) e C°°(Re, i/f ^■^(R^, C^)nX) 
for all (K.S). 

(3) We have for all indexes 

(8.10) k';^} = {k^^})\ k^. = k;,, ff,^ - -CEiff^,. 

(4) We have F2{x, 0,0, 0,0) ^0. 

(5) For all {K, S, K' , S') positives there is a neighborhood U~^'-^' of {{0,0)} in p-'<'^-S'^ 
((7?^ . such that 

(a) for *-rj = (C, CC) where C G C*. we have, for ki^i_^{x, z, f ,ri, g) with {z,f,C,,g) G x 

C^xR 

(8-11) V/eN^ llVi,^,^,cc,/,,fcM-ll//f.-(K3,c) < C;; 

(b) for H^^{x,z,f,g,g), 

(8-12) yieN^ ||Vi,^_^,cc./,e^-/^ll//f.-(E3,c2) < C;; 

(c) for Fj{x,z,f,g,g), 

yi G N^, ll^i,z,c,cc,/,e-^ill_fff '•5(R3,s((C2)»3,c)) - 

(d) we have n'i\z,f,g) e C°°{U-^' x ]R,M) to^/i 

\n^^\z,f,g)\ < C{\z\ + \g\ + \\f\\H--'^-s')\\f\\l-K'.-s'- 

Proof. The following proof is a continuation of proof of Lemma [7.111 We thus consider H — K o Qi as 
a function of {g,U). By ei(0,$„„) = ^i($^„) = $^o, ^'(*-o) = and ||^i(C/) - [/||pic,s < Hi^Hi^Jve 

conclude iJ'($cjo) = and i7"(>I>„J = -^'^"('J't^o)- In particular, this yields the formula for H^^^ + 7?.(i) 
fore=||/||i = 0. 

The other terms are obtained by substituting in Kp of (|8.5p the formula (|7.34p . The term ip{g) 
arises from d{uj o Qi) —wo tJi||uo||2. There are no monomials ||/||2Z^z'^(i?, /)' with |/i + j/| + z = 1, 
due to (|7.35p (applied for w = wq)- By (i/3a2SiS3/, /) = ||/||i, we have {i(3a2'SiY.3Hu,o+Suf,f) = 
(i^a2SiS3'H^Q/, /) + ^^-^^ ^ + F2 where i^2 can be absorbed in j = 2 in T?,^^) and ^^-^^ ^ can be absorbed 
in when restricted to g = \\f\\2- 

Notice that TZ'^^ is a remainder term obtained from terms in £ of Lemme 17.111 □ 
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9. BiRKHOFF NORMAL FORMS 

9.1. Normal form. Here again and in the following sections, we use the notation A° = Aj(ajo)- Set 

Definition 9.1. A function Z{z,f) is in normal form if it is of the form Z = Zq + Zi where we have 
finite sums of the following types: 

(9.1) ^1= z^z''(i/3a2SiS3G^.(||/||^),/) 

|AC-(iy— p)|>m— Wo 

with Hf,^{x, g) e C°°iRe, H^'^) for aU K, S; 

(9.2) zo= ^^AmDz'^" 

AO-(/i-i/)=0 

and a^^^i^g) e C°°(Rg,C). We will always assume the symmetries (|8.10p . □ 

We consider the coefficients of the type of (|8.7p (below it will be those of the H^^ in Theorem 19. 5p 
and thus let, for 5j — 6nj), 

(9.3) A,=A,(||/||2)=A0 + fc5^,^(||/||2), A=(Ai,... ,A,„). 
Let 

(9.4) ^2 = jZ^M\\f\\DW\ + i(i/3a2SiE3H.J,/). 

We have {X'j{g) is the derivative in g) for F a scalar valued function that, summing on repeated indexes, 

{D2,F} := dD^iXp) = djD2{XF),+djD2iXF)j+{VfD2, (X^^)/) 

(9.5) = ~id,D2djF + idjD2d,F~{\/fD2,Pa2i:3EiyfF) = 
iA,z,a,F - iX,z,djF + i{nf, V/F) + 2iA;-(||/|l2)|z,f (/, SgV/^^). 

In particular, we have, for G = G{x), (we use I]iil]2 = S3) 
{D2, zt'T} = iX ■ {p-iy)zt'z'', 

11 

{D2, (i/SaaSiSaG, /)} = i(H/, i/JaaSiSaG) - 2 i ^ A^ |z, P (i/^aaSi/, G) 

(9.6) 

= - i(/, i/3a2 S 1 - 2 i ^ a;- I z,f (i/3a2 S 1 /, G) , 

{^2,^11/11^} = {i?2,^(/,i/3a2Si/)} = -i(H/,i/3a2Si/) = -i(K. J, i/?a2Si/). 
In the sequel we will prove that ||/||2 is small. 

Remark 9.2. We will consider only \^i + v\<2N + 3. Then, A° . (^ - i/) 7^ implies |A° . (^ - i/)| > c> 
for some fixed c, and so we can assume also \\ ■ [iJ. ~ v)\> c/2. Similarly jA'^ • (/i — i^)| < m — cjq (resp. 
jA*^ . (/i — i/)| > TO — cjq) will be assumed equivalent to |A . (yu — i^)| < m — (resp. |A . (// — z^)| > m — wq). 

Lemma 9.3 (Homological equation). Consider 

(9.7) if= ^ V(||/||2)z^z-+ ^ z^z''(i/3a2l]iS3i^,..(||/||^),/). 

|^+,y|=A/o + l |m+i/|=Mo 

Suppose that all the terms in (|9.7I) are not m normal form and that the symmetries IjS.lOp hold. Consider 

^" ^ iA.(M-i^) 

(9.8) l.+H=A/o+i 

+ E ^-^-(i/3«2^1^3 _^ i^..(||/||^),/). 
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Then we have {D2, x} = K + L with, summing on repeated indexes, 
L = -2 . \ z^'z'-(K.„/,i/3a2Si/) 

\ {{fi - ly) ■ X - n) I 

If the coefficients in (j9.7p satisfy (jS.lOp , the same is true for the coefficients in 



Proof. The proof follows by the tables (j9.6p , by the product rule for the derivative and by the syrametry 
properties of "H. □ 

9.2. Canonical transformations. First we consider functions 

(9.9) x= E ^-(11/112)^^^"+ E ^^^'^(i/5a2SiS3i?;..(||/ll^),/) 

|/i+iy|=A/o + l |M+i^|=Afo 

where bf,^{g) e C°°{Rg,C) and B^^{x,q) e C°°(R, PcK)ff^^'(R^ C*^)) for ah k and s. Assume 

(9.10) b^i, = and i/3a2SiS^,/ = -(^^i/^i)* for all indexes. 

The canonical transformations used in the proof of Theorem 19.51 are compositions of the Lie transforms 
4' '■— 4'^\^-ii with (j)^ the flow of the Hamiltonian vector field (with respect to ilo and only in (z, /)). 
Let for iir > and 5 > fixed and large 

(9.11) 11x11 = E \h^Mf\\l)\ + E \\B,.{\\f\\D\\H-^s. 

Then, the following lemma can be proved like Lemma 9.2 |26| . 

Lemma 9.4. Consider the x (|9.9p and its Lie transform cj). Set (z',/') = (j){z,f). Then there are 
Giz, /, g), r(z, /, g), ro(2;, /, p) and Ti{z, /, p) with the following properties. 

(1) V e C°°(Z./--^''-^',C"), FcFi e C°°(Z^--^''-^',R), withU-^'^-^' C C" x R-^' (uj^) x R an 
appropriately small neighborhood of the origin. 

(2) g e C°°{U-'^'--^',H^^'^{ujo)) for any K,S. 

(3) The transformation (p is of the following form: 

(9.12) z' ^z + T{z,f,\\f\\l), 

(9.13) /'-e'^»(^'^^"^"^)^^("")^^/ + e(^,/,||/||i). 
(4-) There are constants ck' .S' cind ck,s.K',S' such that 

(9.14) |r(z,/,||/||^)| < CK',s'i\\x\\ + mB)\^\''°-H\^\ + \\f\\H-^'^-s'). 

(9.15) WGizJAlfWDWH-^s < CK,s,K',s'{\\x\\ + mB)\z\'''', 

(9.16) |ro(^,/,||/||l)| < CK',s'\^\''"-\\^\ + \\f\\H--'.-s'r- 

(5) We have 

(9.17) ll/'lli = ll/lli + ri(z,/,||/||i), 

(9.18) |Fi(z,/, 11/11^)1 <qz|*^o-i(|^| + ||/||^_^,_^,)2. 

(6) We have 

(9.19) giroP.(c.o)S3 ^ giroS3 _^ ^.^p^)^ 

where T{r) e C°°(M, B(iJ-^''-^', ff^'^)) /or all {K,S,K',S'), with norm 

\\nr)\\BiH-'<'^-s',H^.s^ < C{K,S,K',S')\r\. 
More .specifically, the range ofT{r) is a subspace of 'K.d{'H) + 'Kd{'H*). 
The crux of this section is the following result. 
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Theorem 9.5. For any integer r > 2 there are a neighborhood U^''^ o/{(0,0)} in V^'^ , see (|7.26l) . and 
a smooth canonical transformation %■ : lA^''^ — 7^^^° s.t. 

(9.20) H^'-'^ ■.= HoTr = d{LUo) - t^oholla + HWfWl) + H^2^ + + 

where: 

(i) iJ^'') = r>2, is of the form ^J], where k^^^iWfh) satisfy (ra- dSTH .- 

(ii) Z'^'^^ is in normal form, in the sense of Definition \9.1\ above, with monomials of degree < r whose 

coefficients satisfy (|8.10p .' 
(Hi) the transformation %. is of the form (I9.12p - (j9.13p and satisfies (|9.14p - (j9.16l) for Mq = 1; 
(iv) we have TiS"^^ = X]d=o ^d^^ '^'^'^ /'^'^ '^^^ "^O positives there is a neighbourhood 

o/{(0,0)} inV-'^'-^' such that 
(iv.O) 



^ z^r/ fcM(x,z,/,/(a:),||/||^)dx 
id for k'lJ'J{z, /, r], g) with *r] ~ ((, CQ, ( e we have for (z, /) G Z^^-'^ '^'^ and \g\ < 1 



(9.21) l|Vi,-,c^cc,/,,fc^.'.^(^^'/''7,^')lk-.-(K3,c) < G /or a// 1; 
(iv.l) 

TZ^{^^ J2 ^^^"^ / \iPa2^i^3HllHx,zJJ{x),\\f\\l)Y f{x)dx 

(9.22) wii/i ||V^,^^ <. c'C,/,e-f^i^^H''^'/''7, £')ll_f/^.s(R3,C8) < Q for all I; 
(iv.2-5) for2<d<5, 

T^^P^ I Fl[\x,z,f,f{x),\\f\\l)f'^^\x)dx + n^p, 

with for any I 

(9.23) \\^\,z,c,ccj,Q^d\'^^^ f^^^ 8)\\H'^.s(K?,B{{c>^)<i>'i,C) < C*;; 
wif/i f;2^'^^(x,0,0,0,0) = anrf wii/i :^|,''^(z, /, ||/||2) s.t. 

■Rl[\z,f,g) e C^{U-'^'^-^' X M,M), 
(9-24) |^i'■'(^,/,^^)| <qi/|ll-K'.-s', 

|^('-^(z, /, g)\ < Ci\z\ + \g\ + \\f\\H-^'.-s')\\f\\l-.>.-s'; 

(iv.6) = ^3 G{}^{Pc{io)f{x)) ■ ia2^z^i{Pc{^)f{x)) dx. 

The proof of Theorem 19.51 is the same of Theorem 9.1 in [55] and we skip it. The ingredients needed 
in the proof (in particular the notion of normal form) are described above. 

10. NON LINEAR DYNAMICS 

10.1. Dispersion. A We apply Theorem for r = 2Ni + 1 (recaU Nj\j < m - loq < [Nj + l)Xj). In 
the rest of the article we work with the Hamiltonian H'^^\ We will drop the upper index. So we will set 
H = H2 = H^''\ Xj = X^[\ X = A(''\ Za = Z^J'' for a = 0, 1 and U = 7^(''). In particular we wih 

(r) (r) 

denote by H^,^ the coefficients Gfj_.J of Zl . We will show: 
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Theorem 10.1. Fix po > 2 and tq > 1. Let | = |(1 - |) and a{q) = |, i.e. (1 + |)(1 - |) = | "with 
9 — 1 in Theorem 15.61 Consider feo ^ 4, fcp G Z, e e (0,eo) and Eq > as in Theorem \1.3\) . Then there 
is a fixed C > such that for £o > sufficiently small and for p > po we have the following inequalities: 

(10.1) 11/11 .0-^ <Ce; 

(10-2) II/IIl?([o.oo).«^ — ) < 

(10.3) II/IIl?([o,oo),ls=) <Ce 

(10.4) Ik^lli^QQ oc)) < Ce for all multi indexes /i with X ■ fi > m — uiq 

(10.5) ll^jl!w'^~([o,oo)) ^ Ce for all j e{l,...,n} . 

Due to time reversibility, it is easy to conclude that (|10.1l) - (|10.5p are true over the whole real line. 
The proof of Theorem 110.11 involves a standard continuation argument following [511 End of proof of 
Theorem II. 2.1]. We assume 

(10-6) ^^^K^MB^h — ) + II/IIl?([o,t],l^~) < C^e 

(10.7) II^'^IIlJ([o,t]) 1^ for all multi indexes fi with u ■ ^ > m ~ loq 

(10.8) \\z3\\wl-°='{[o.T\) ^ C'se for all j G {l,...,n} 

for fixed sufficiently large constants C1-C3. Notice that there is an ei > such that this assumption is 
true for all |^(0)| + ||/(0)||jjfco < £1 if say T e (0, 1]. We then prove that there exists a fixed Eq G (0,ei), 
with Eo = eo(Ci, C2, C'3), such that for e G (0, Eq), (I10.6l) - (jl0.8p imply the same estimate but with C1-C3 
replaced by C1/2-C3/2. This implies that the set of T such that (|10.6p - (|10.8l) is open in M+. Since it is 
also closed, it is all R+. Then pH^ - pUB)) hold with [0, T] replaced by [0, 00) for all |z(0)| + ||/(0)||^fc„ < 
e < £0- 

The proof of Theorem 110.11 consists in three main steps. 

(i) Estimate / in terms of z. 

(ii) Substitute the variable / with a new "smaller" variable g and find smoothing estimates for g. 

(iii) Reduce the system for z to a closed system involving only the z variables, by insulating the part 
of / which interacts with z, and by decoupling the rest (this reminder is 17). Then clarify the 
nonlinear Fermi golden rule. 

Step (i). Using the Proposition 110.21 below, we will choose Ci > 2Ki{C2). This tells us that if we get 
upper bounds on C2 and C3, and this is done in Sect. Ill[ then we will have proved Theorem llO.il 

Proposition 10.2. Assume (|10.6p - (|10.8p . Then there exist constants C = C{Ci,C2,C3), Ki{C2), such 
that, j/ C(Ci, C2, 6*3)6 is sufficiently small, then we have 

(10-9) ll/IL,,, „^o-f , + ll/llL?([o,T],«i--) + \\f\\m[o,nL^) < Ki{C2)e . 

Proof. Consider Zi of the form (19.11) . Set: 

(10.10) H^^ = H^AWfWl) for 11/11^ - 0; A^" A,(^o). 
Then we have (with finite sums) 

i/-H/-2(a||^l|2i/)P,(c.o)S3/= E ^''^'^^M. 

{X*^ ■{L'—fj,)\>m—LUo, 

(10.11) l.+H<2^.+i 

+ ^^^"iH,.u - Hp + i/3a2S3SlV/7^ - 2{d\\fpn)Pc{oJo)^3f. 

\\" ■{!y—fj,}\>m—LJo, 
\n+i^\<2Ni + l 

In order to obtain bounds on /, we need bounds on the right hand term of the equation especially the 
last two terms. They are provided by the following lemma. 

Lemma 10.3. Assume (|10.6p - (|10.8l) and consider a fixed tq > 1. Then there is a constant C = 
C(Ci, 6*2,(73) independent of e such that the following is true: we have 

/?a2S3SlV/7^ - 2(aJ|^■,l27^)Fc(wo)S3/ = Ri+R2 



28 



NABILE BOUSSAID AND SCIPIO CUCCAGNA 



with 

\2Ni+2 I II ru2 



WRiWh^o <c{CuC2,C3)i\zr^+' + \\f\\U\f\\^.„) 

(10.12) 2 

||^2||^'^o.-o < C'(Ci,C2,C3)(|z| + 11/11^2 + 11/11 )ll/ll 
In particular we have for some other fixed constant C — C(Ci, C2, C3), 

(10.13) ll-RlllL;([0,T],ff^) + ll-^2|li2([o y]_^^o,ro) < C(Ci,C2,C3)e^ 

Proof. (|10.13p is a consequence of (|10.12p and PTO - pITS)) . We focus on (I10.12p . For d < 1 and arbitrary 
fixed (5*,^^) we have V/7^d € ff'^'^. By (ivO-ivl) Theorem[n3] 

||V/7^o||Hs..c + ||V/7^l||HS,K < 

These terms can be absorbed in For 2 < d < 5 we have 

EaSiV/^^d - 2(5||/l|2:^d)Pc(c^o)S3/ = S3SiV/:^d(z,/,p), 
computed at p = ||/|||. By (|9:24| we obtain 

|lV/7^d(z,/,p)||^^^s' < for 3 < d < 5 and 

||V/^2(^,/,p)|Ih-'.s' < C\\f\\l_^,,_s'+C\z\ 11/11 

Since K' and S" are arbitrarily large, we have ||/||^-a-',-s' < ||/||/jfco -^o • So these terms can be absorbed 
in i?2. Other terms are treated as in 2, Lemma 7.5] : For d = 2, 3, 4, 5 we have schematically 

Fd{x, Z, /, f{t, •), p)/«('^-l)(t, •) + dM^, f, ^, P)n,=fit,.)f®\t, ■) 

^^^■^^^ +^9(1 Fa{x,z,gJ{t,x),\\f{t)\\l.)[f{t,x)r''dx\ . 

The first line of (|10.14p has iJ^"'^" norm bounded, for some fixed sufficiently large N, by 

C\\ {x)^F,{x, z, /, fit, x), p)||^.o,oo ||/r-4,_.„ 

(10.15) 

+ C||(x)N5^i^rf(x,z,/,«;,p)^=/(,,,)||^.o,^||/||^.„,_.„ < C||/||^-4,_.„ +q|/||^.„,_.„. 

When these terms are bounded by ||/||''\o,-to for "^i ^ 2, we can absorb them in i?2. Cases di = 1 come 
from terms in the first line of (jlO.lSp with d ~ 2. By F2{x, 0, 0, 0, 0) = these are less than 

+ +||/||i2)||/||^.0,-.0 

and can be absorbed in i?2. Looking at the second line of (|10.14p and for N sufficiently large, we have 



||V,f/ F,ix,z,gJ{t,x),\\fit)\\l.)[fit,x)f''dx] 11^.0 = 
ViR3 ^ y g=f ^ 

sup / DgF4x,z,g,f{t,x),\\f{t)\\l,)g^fmf{t,x)f''dx 



-kQ 



< 



C sup ||Z?,i^,(a:,z,g,/(t,x),||/(t)||i2),=/[^]||^<»,w||/||^.,,-.o <C\\f\\%,,.^ 



So the second line of (|10.14p can be absorbed in i?2- Finally we consider V/7?.6 — Si5(|/(t, a;)p/2)/(t, x). 
Then for a fixed C we have || V/7^6|i j^fco < C'll/lli- ll/ll^'=o ■ □ 
Denote by F the rhs of (|10.1ip and set = 2d\\f\\2H. 

Lemma 10.4. Consider iip — Hip — Lp{t)Y,3Pcip — F where Pc = Pc('^o) and ip = Pcijj- Let k E Z, with 
k > and tq > 1. Then there exist cq > and C > such that if ||<y5||Lj=°[o.T] < cq then for p > pa > 2 
and for {p, q) as in Theorem \ 10.11 we have 

(10.16) "^'Ln[0,T],B^7)nL?([0,T].^.--) - ^11^(0)11^. + 
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Proof. We apply the argument for the NLS in Lemma B.2 [33], see also Theorem 1.5 [S]. A more precise 
statement than Lemma B.2 [44l is in [131 [23], but the proof does not seem easy to reproduce for Dirac. 
We fix any 6 > 0. Let Pd — Pd{^t)) and Ho = T~l-ujofi- Consider 

(10.17) iZ -nPcZ + i6PdZ - (pi:3PcZ = F. 

Then notice that for Z(0) = V(0) the solution of (|10.17p satisfies Z{t) = tlj{t). We rewrite (|10.17|) as 

iZ - HaZ - v^^Z = F+{V-HPd- iSPd)Z - ^^^PdZ. 

Let {V — V-Pd — '^5Pd) = V1V2 with V2{x) a smooth exponentially decaying and invertible matrix, and 
with Vi bounded from H'"-"' H'^-' for aU k, s and s' . For U{t) = g-i^s /„* vCt')^*' we have 

(10.18) Z{t) = U{t)e-''^°'Z{0) - i /* e''^»'^''-*'>U{t)U-\t') [F{t') + ViV2Z{t') - ^(i')S3i"d^(i')] dt' . 



coPdV2 ^ maps H ^ ' ^ ^ H^'^ for arbitrarily fixed pairs {K,S) and {K',S'). By picking cq small 
enough, we can assume that the related operator norms are small. By Theorems 15.41 and 15.61 

+ \\V,- ipm,PdV,-'\\^^^^j^,^^.,r,^\\V2Z{t)\\L2H^^. 

For fo/(t) = V2 /o e^»^*'-*^U{t)U-^{f)Vif{t')dt', by (film)) we obtain 

(/ + ifo)V2Z{t) = V2U{t)e-''^°'Z{0) - iV2 f e™°(*'-*)Z^(i)Z^-i(i') [F{t') - ^{t')j:3PdZ{t')] dt' 

Jo 

We then obtain (110. 16p if we can show that 

(10.19) + ifo)-^ : L^,{[0,T),H\R^)) ^ LU[0,T),H''{R^))\\ < Ci, 

for CqCi smaller than a fixed number. It is enough to prove (110. 19p with Tq replaced by 

Jo 

Indeed by Theorem 15.51 we have 

||(fo - To)fh^Hi < II r ||F2e'««(''-*)(e'^^'/*' - mf{t')\\H^dt'\\L. 



t 



<Cc-^\\ / (t'-t)-*||/(t')llHi;rfi'llL? <Cc|||/(t')||L?//i- 
Jo 

Set 

Tif{t) = V2 re(™^^+*^'')(*''*Vi/(i')dt' - V2 Ae('^(*'-*)Fc + e-'l*'-*IPd)Fi/(i')di'. 
Jo Jo 

By Lemma[5l]we have \\Ti : Ll{[{),T), H''{M?)) -> Ll{[Q,T), H''{M?))\\ < C2 for a fixed C2. For exactly 
the same reasons of [44] we have 

(/ + iTo)(/ - iTi) = (/ - iri)(/ + iTo) = /. 
This yields (jlO.lOp with Tq replaced by Tq and with Ci = 1 + C2. □ 
Lemma 10.5. Using the notation of Lemma \10.4\ but this time picking tq > 3/2, we have 

(10.20) IIV'IIl2([o,t],L~) < C\\iP{0)\\h'^o +'^ll^llLj([0,T],_f/^)+L?([o,T],_f/^'^0) 

Proof. We proceed as above until (|10.18l) . We claim we have 

II^IIl^L^ < C'||-Z'(0)||h'=O + C\\F\\ I kg ,2r,k0,^0 

(10.21) " _^ t . ^ t ^ 

+ 11^1 - ^{t)'>^3PdV2 lliooB(/i-^o./i-^o.-0)||V'2-Z'(t)||^2^fco- 

(|10.2ip wiU yield (jlO.201) by the argument in Lemma [TIOl So now we prove (jlO.211) . We have for fc > 1/2 

||e-'««*Z(0)L.i^» < C||e-™«*Z(0)|L.B.^ < C'||Z(0)||^.+i < C'||Z(0)||^.o 
by Theorem 15.61 Similarly, splitting F — Fi + F2, have 
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<C"||FiL;^.+, <C'\\F,\\^, 



H''o ■ 



Using B^^C for A: > 0, by Theorem 3.1 [9] we have for ko > S 



II / e'^°^''-'^ll-\t')F2{t')dt'\\ 



< c 



i{\t-t'\-^,\t~t'\-m\F2{t')\\^.o dt' 



< C'\\F2h,„.o < C"\\{xy"F2h,r,^o 

-^t-°l,2 -^t-°2,2 





C"\\F 



where we have used ||</?j *F2||li < ||(a;)-^«||i2 ||(x)^fVj * ^2||l2 < C""||^j * ((•)^"F2)||l2 for fixed C" > 
and fixed tq > 3/2. With F2 replaced by {V1V2 — LpY,3Pd)Z we get a similar estimate. This yields 
inequality (|10.2ip . 

□ 



Continuation of the proof of Proposition \10.1\ By (jlO.lip we can apply to / Lemmas 110.41 and 110.51 
by taking (p{t) = 2{dyp^H) and F = rhs ljlO.lip - ip[t)[j:3, Pd]f . Then 

"^"Lf([o,T].<V')nL?([o,Tl,i/^ — )nL?([o.T].L~) - + ^II^I1lJ([o.ti,//^)+l?([o.t].//^-)- 



We have 



\\^\\LlH^°+LjH^°-^» - ll^'^lli? + II^iIIlJ//^ + p2|li2^fco,-o + e||/|li2j:^j'=o.— o ■ 

For e small this yields Proposition 1 1 . 1 1 by Lemma Fl . 41 and by (|10.7p . 



□ 



Lemma 10.6. Assume the conclusions of Theorem ] 10.1[ Then there exists a fixed C > and G H''° 
with ||/!^||/ffco < Ce such that for for i?(t) the phase in the ansatz (|4.ip we have 



(10.22) 



lim 



0. 



Proof. For %lj{t) = f{t), for = rhs (|10.1ip - (/3(t)[I]3, P^]/ and for ti < ^2, we have 
||Z^-i(t2)e'«"*V(t2)~Z^-^(ti)e'«°*V(ii)lli/^o 



< 



t2 



U-\t') [F{t') + - ^(<')Z^"'S3J^d/(t')] rfi'll/f^o < 



C( XI II^^IU2(ii,t2) + \\Rl\\L\{[t^MlH':^) + Il-^2|li2([t^ t^j^^i-o-) + ll/llL?([ti,t2],ff^'-"0))- 

Since the latter has limit as ii — > +00, there exists /i G i?*^" such that 



lim \\U-\t)f{t)-e-^^-'r^ 



-mot fl \\ _ r. 



From 110 = Dm- ^0^3 and U-^{t) = e'^^' io* we have for e{t) = -tujQ + /J ^(t')di' 



(10.23) 



lim 

t— >+oo 



,ie(t)Sj 



0. 



(|10.22p follows from (I10.23P if we can prove Oit) = i?(t) - 1?(0) + o(l) with o(l) ^ as t ^ +cxj. To prove 
this claim we substitute R in (12. 4p using (|4.6p and then replace (z, /) with the last coordinate system 
obtained from Theorem 19.51 Then we get 



2A''+l 



(10.24) 



if-nf-{^ + uoa- J2 ^4^'Vc(^o)S3/ = G 



J=2 
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where G is a functional with values in L°°{R, L].); Tq'' are the functions in the exponent of (|9.13p for 
each of the transformations in Theorem 19.51 Set now 

2Af+l , 

G = -G + rhs (jTUlTI) . 
Then taking the difference of the two equations (|10.11l) and (|10.24p we have 

xit)f = xmsPdM^sf + S3G. 

G (resp . X ) is a functional from a neighborhood of the origin in L°°{R, H^'-'iR^)) to L°°{R, L^{R^)) 
(resp . i°°(R) ) . If x{to) 7^ for a given solution, we can find solutions for which fn{t,x) such that 
fnito, •) ^ f{tQ, •) in i/'=«(R3), ||/„(to)||Li(R3) ^ 00, G„(io) ^ G{to) and Xn(to) ^ Xoih). This yields a 

contradiction. So x = and G = 0. This implies — ojq — J2'j=2^ It^o^ ~ ^^ll/lli^- This and the last 
inequality in yield the claim 9{t) = - i9(0) + o(l). □ 

Step (ii) . In the proof of Theorem 110.11 consists in introducing the variable 

Substituting the new variable g in (jlO.llI) . the first line on the rhs of (110. lip cancels out. We have 
i.9 - "H.g - 29||j||2iJPc(wo)S35 = second line of (|10.1ip + 

^^^■^^^ 2a||/||2ffp,(t^o)S3r + J2 [^-^^^. (z + n)- ck.Yd,, [z + 7^)] . 

fe=i 

Lemma 10.7. For e sufficiently small, ti > 1 bkc? Gq = Go('H) a /iiec? constant, we have 

\\9\\L^^(^[o,T],Li--^) ^ Coe + Oie^). 
Proof. Set F = (second line of ()10.1ip — (p{t)[J^s, Pd]g). Then, proceeding as in (jlO.lSp . we have 

hh^Ll^-^. < ||e-"«°r(0)||^.^.,-., +||e-'*«o/(0)||^.^.,-., +G||F||^j^,^ 

(10.26) +11/ e'(*'-*)^°second line of (lin2Sl)(t')^^i'L2r^ ^i 

Jo * " 

+ llFl - ^(t)I]3Pdy2-l||^^„^(^,^^2,-.,)||F2g(i)L2^. 

We have \\er'*'^° f{0)\\ ^^^2.-., < ||/(0)||l2^ < e. We have by Lemma[EHl 

||g-imoy(o)||^,^2,-.i < G 

I A°-(^~i/)|>m— LJo 



We have ||second line of p0.11l) || j^i^o ^ l^l^'^' — ^(^^)- Similarly \\ip{t)[J^3, Pd]g\\ ^21^2 -t^ < Ge||(7||^2^2,xi . 
Hence \\F\\j^ii^2f^i^2]^'-',^i < Ge||(7||^2^2,-Ti + O(e^). Now we sketch a bound for the second line of (|10.26p . 



E \\ j\'^''-'^''"dy^^2H{ty.'^{t')z-^{t')P,{u;o)Rt,^ 

- ''^ ' >m— cjQ 

E II r(i-0"^|a||/|||i/(t')^''(i')^''(i')Mi'llL? <C2e^ 

Jo 



I A" ■ (/i— J/) I > m— 1^0 
< 



|A''-(/i — i^)|>?ri— Wo 

where we used Lemma ISTSl with H replaced by H* . Of the other contributions to the second line of ()10.26p 
we focus on the main ones. Specifically we consider for fXj ^ 

(10.27) II f e^i^'~''^^''PM^^,Z^R+,{\^ ■ i^i-l.))H%dt'\\^2^2,-., < C\\^(h^Zoh^^ 

Jo Zj t X Zj 

for X{ujq) ■ — v) > m — ujq. We need to show 

(10.28) ||£^a,^^„||^, =0(,2). 
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Let z'^z'^ be a generic monomial of Zq. Then dz-{z°'z^) = 13 j ^ J' , with the nontrivial case for l3j ^ 



By Definition 19 . 1 1 we have X{ujq) ■ {a — (3) = 0. (H:ll) can be applied and implies |a| = |/3| > 2. Thus 
in particular one has 

A(cjo) • a > Aj(wo) A(cjo) ■ + a) — Aj(cjo) > m — wq • 

So the following holds: 



II IIL2 :i — ||Lj-|| IlL? < CC2C3el'^l + l''l < CC2C3e^. 

Zj Zj Zj 

We conclude that the second line in (|10.26p is O(e^). The estimates omitted are easier than (|10.27p and 
(|10.28l) . ||V25||i2 can be bounded as in Lemma [10.41 □ 

11. The Fermi golden rule 



Step (iii). We proceed as in [26]. We recall Remark 19.21 In particular we will only consider finite sums 
\li+u\ < 2N+i. We will have A^ = \j{ujo) and X, = Xj{\\f\\l) as in SectionO |A°-Aj| < C^e^ by mM . 
so in the sequel we can assume that A*^ satisfies the same inequalities of A. Set R'^^ = i?^(A'^ • (/i — z/)). 
We substitute (jlO.Up in izj = ■^H^''^ obtaining 

izj = ch^ (i/2 + ^o) + ^-=- i/3a2SiS3i?M<'> + ^z,n 

I A-(/j— i/)|>m— LJn 

(11.1) ^iJ.+a^v+li 

E ^0 ^ (i?+^i/°^,i/3a2SiE3i?p.). 

|A-(a-/3)|>m-i.Jo 
\X-{li—u)\>m—bJo 

We rewrite this as 

(11.2) iZj=d^^{H2 + Zo)+£j 

(11-3) -E A./3>™-^o i^,^(i?+i/0^,i/3a2SiS3i^o^) 

X-u'ym—bJf) 
A-^-Afc<m-cJo Vfc s.t. ^;,/0 
A-i/— Afc<m— cjQ V /c s.t. i/fc^O 

(11-4) -E A.a>™-.o j.,^(i?+oi?So,i/?«2SiS3i?o°.>- 

A- i/>m— Wo 
A-a — Afc <m— i.Jo V s.t. a^^-^^O 
X-iy — Xi^<m—u}Q^k s.t. i^^^O 

Here the elements in (jll.3l) will be eliminated through a new change of variables. £j is a reminder term 
defined by 

£j := rhsdHID - (fira - (fTTD . 

Set 

1/ ■ z''+'^ 

0=^.- E XO.(B + ,y) z- «ffgo"/^^i/3«2SiS30 

(/3,i/) as in {TTl 

+ E \0 _ \ ~ (^aO-f^aO'i/^"2SiS3iJ^^) 

{a.v) as in ITOl l ^ ' ■' 



Notice that in (|11.5I) . by A • z^ > - we have \v\ > 1. Then by (|10.7p 

||C-^llL?<Ce E II^^IIl? < CCsAfe^ 

n 1 c\ A-Q>m-(^o 

llC-^lUr <C'V 

with C the constant in ()10.5p and M the number of terms in the rhs. In the new variables (|11.2p is of 
the form 
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iQ=d^^H2iC,f)+d-cZoiCJ)+V 



(11.7) 



E 



-a—X^ ■iy>7n—LjQ 
X-a — Xk <m— cjQ Vfc s.t. a^^O 
X-i^ — Xk<rn—LOQyk s.t. Vky^O 

\0t 



From these equations by Yl,j -^j (CjC*^. (-^2 + Zq) - Ci^Cj (-^2 + ^o)) = we get 

n n 

(11.8) 

(q,^) as in l lll.7t 

We have the following lemma, whose proof (we skip) is similar to Lemma 4.7 |25| 
Lemma 11.1. Assume inequalities (|10.7p . Then for a fixed constant cq we have 

(11-9) Ell^^ll^MCT] < (l + C2)coe^ 

j 

For the sum in the second line of (|11.8I) we get 



(11.10) 



' E 

r>m— cjQ 



A"- 



r5(i?+(r) ^ C^°o,i/3"2SiS3 ^ (r)*i?o". 

E c"i?s, 



/-a u-O 

A'^ -a— r 



.AO- 



= 2 



E ^ 

r>m— txJo 



^(i?+(r)H,,I]3H;), 



where H, := EAO.a=rC"^aO and where we have used 1/3^2 Si ^3^?;]. = -S3i/3a2Sii/,"^ = S3i/?a2Ci7^^ 



E3(i?" )* by 



Lemma 11.2. Consider in (jll.lOp . Assume m — ujq < r < m + loq. Then 
(11.11) 3(i?+(r)H,,I]3H:) >0. 



// liie assume (H:3) , in particular if to/3 < < to, t/ien (jll.lip /loZds for all m (|11.10l) . 

Proof. We proceed as in Lemma 10.5 Set = Z+H^, where for Z+ with uj = ujq, see Theorem lA. 31 



in the Appendix. Set F^ = [^^J • Then 

5(i?+(r)H„I]3H:,) = lim3(i??^(r + i£)H,,E3H;) = lim 3 „ (r + ie)F,, S3F;) 

~ lim 3 {Rom {t + Lo + ie)a, a*) — lim 3 {Rd„^ (r — lu + ie)b, b*) 

= i lim e\\RD^{r + w + i£)a||i2 - 3? {Rd^A^ - w)6, 6*) = ^ lim e|li?£,„^ (r + w + i£)a||^2 > 0. 
2 £\,o 2 £\,o 



Here we exploited that a,b £ L^(R'^), that r ~ uj < m and so RD^{r — w) is a well defined selfadjoint 
operator in L'^{M.^), that Rd,^{z) - Rd^{z*) = 2ii?£,^ (z)i?i3„ (z*)3z and that -Ri3„.(z*) {Rd^{z))* . 

Let us consider r = A • /i with /i G Nq , A . /i > to — and A • /i — Afe < to — for all fc s.t. /x^ ^ 0. 
Suppose A • /i > TO + wq. Then we get to — wq + Afc > m + ujq ^ > 2ujo- Let Nk G N such that 



A^fcAfc < m — cjQ < {Nk + l)Afc as in (H:9) Then {2Nk + 1)ujq < to. So, if we assume as in (H:3) that 
Wo > to/3, we obtain X ■ fi < m + ujq. This shows that the assumption X ■ fi > m + loq is absurd. □ 



Remark 11.3. Notice that to get the conclusions of Lemma 111.21 we can ease the constraint 3aj > to to 
{2Nk + l)uj > TO for all A; = 1, n. 



Now we will assume the following hypothesis. 
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(H:12') We assume that for some fixed constant C > 0, for any vector C e we have: 

in'. 



(a.i/) as ill l|11.7^ 

(11.12) ^ 



Remark 11.4. By Lemma [11.21 we have lhs ()11.12p > 0. It is hkely then that (H:12') is true generically 
in the class of non hnearities we consider. But we do not try to prove this point. 



By (H:12') we have 



(1113) 2EA°3(P,C,)>a.EA?l0l 
Then, for t €z [0,T] and assuming Lemma lll.ll we have 



E 



j=l a as in 111.131 



By (|11.6p this implies ||-z"||^2(o t) ^ e'^ + C2e' for aU the above muhi indexes. So, from ||^^"|l|2(o t) ^ C'|e^ 
we conclude ||z"|li2(o t) < C2e^. 

Note that as the condition \X ■ {fi — v)] > m — uj implies that |/i + > 2, (|ll.ll) imphes that z is 
integrable so that it has a limit at infinity which is necessarily O.This yields Theorem 110.11 and completes 
the proof of Theorem 11.31 



11.1. Proof of Theorem 18. 2i We only sketch the proof, which is similar to that of Theorem 18. II For a 
particular solution satisfying the hypotheses of Theorem l8.2l we need to prove the conclusions of Theorem 
110.11 The argument is exactly the same of Section 110.11 until we reach subsection [Til tha-t is the task of 
estimating z. Instead of (|11.7p we have 

iO = e,d. H^iC, /) + Sjd. Zoic, /) + e,Vj 
- E ^ ^RtA i/3a2SiS3i?o".) . 



(q.i/) as in l lll.7l > 

From these equations by J2j ^°]iCjC^.iH2 + Zq) - Qd^^ {H2 + Zq)) = we get 



(11.14) 



2 E (C"C''(^^o^"o, i/3a2SiS3ifo".)) 



{a,iy) as in (|11.7[ l 



The estimate of the reminder term in Lemma [11.11 continues to hold. The last line of (jll.l4p is negative 
by (jll.lOp . We assume it is strictly negative and that in particular (|11.12D holds. Then we get 



a as 111 



E IC"I' ^ E e,X%\' + 2 E (VjC,) 

111.131 3 = 1 j=l 



(11.15) 

When we integrate in (0, t) ioi t < T we get 

a as in ( I11.13t 

In the rhs we have used the hypothesis \z{t)\ < e for all t > to bound the first summation in the rhs of 
(|11.15l) . This yields Theorem [ 
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11.2. Proof of Theorem 18.41 Also here we just sketch the proof, which is similar to [53]. The proof is 
by contradiction. If the statement of Theorem 18.41 is wrong, then for |2:(0)| + ||/(0)|| //ko < S with (5 > 
sufficiently small, we can assume \z{t)\ < e for alH > for any preassigned e > 0. This implies that we 
can apply Theorem [821 When get 



(11.16) 



E I 

a as in 13l l 



L2(o 



Suppose ej„ = —1. Then take initial datum Zj{0) — for j ^ jo, zj^ = 6 and /(O) = 0. By /(O) — and 
Lemma [TOl for V'(O) = we get for i e IR+ 



< 3^' + pill 

L'^ h'^° ^ 11-^211^2^*0.^0 

E ii-"ii^?- 

( 111.13t 



OL as m 



Similarly 



-Rlll^^i^fco + ||-R2||^2^''0.T0 • 



Then, proceeding as in [24l[25] one improves the rhs in (|11.9p . Indeed, see Lemma 4.9 [25], we have 



Then, one can see that ||_Ri||^i^fcQ + 11-^2112^2^*0 ^1 ^ o{l)5, going through Lemma 110.31 where o(l) 
as (5 — 0. Then from (|11.16p we get < —S + o{l)S, which is absurd. 

Appendix A. Resolvent estimates and wave operators 



Lemma A.l. We assume (H:l) and (H:6) (H:8) , Then for any r > 1 there exists a constant Ci 
Ci(r, oj) upper semicontinuous in uj s.t. for any uq{x) G L^(R'^,C^) and any £ > we have 



(A.l) \\{x)-^Rn^{X±i£)PciHM\LljM'^) < Ci\\PciHM\LHR^)- 

Proof. Notice that by Lemma [STT] for any r > 1, any ua{x) e i^(R'^,C^) and any e > we have 



(A.2) \\{x) ^i?^^^ „(A±i£)uo||Lj < C(t)||uo||l2(r3). 

Let uo = Pc(H^)wo, A{x) = (x)-^ and B{x) e 5(R^B(C^CS)) s.t. B*A = V^. Then 

(A.3) AR-H^{z)uo - {l + ARn^ ,{z)B*)-^AR^^ ,{z)uo- 

The following operators preserve X: A, B* , R-u^{z) and R-u^„{z). Pick (5o > sufficiently small so that 
by|(H:6)|for any Xj{uj) g OdiUu) we have |Aj(a;)| < m - w - (5o. Then by (IA.2I) and (|A.3p . Lemma [Q 



is a consequence of the Lemma IA.2I below. 



□ 



Lemma A.2. Let A{x),B{x) be as above in (|A.3p . Then, if we assume 
exists a constant C2 — C2{t,uj) upper semicontinuous in u such that for any e > we have 



(H:3)[ |(H:6)| and \{H:7)\ there 



(A.4) sup |l(l + Ai?„^.„(A±i£)i?*)-i|U(x,x) <C^2. 

Xe{W\[~m+uj+5o,m-uj-So]) 

For any r > 1 the limit Rt, (A) = lim i?^^(A ± ie) exist in B{H]^''^ H X,i^'^'^) and the convergence is 

£\,0 

uniform for A in compact sets. 

Proof. First of all we prove (jA.4[) in low energies. We want to prove 

(A.5) sup 11(1 + ^i?«^_o(A±ie)B*)"i||i3(x,x) < 00 V fixed ^1 > 0. 

0<e<l 

We know: z AR-u^g{z)B* is a holomorphic map with domain C\]R and values in i?(X, X); for 
aU z e C\M, (1 + ARn^ oiX ± i£)B*)"^ is defined . Furthermore, lim^-^o ARn^ o{X ± ie)-^*, by (ii) 
Lemma 15. 1[ exists in i?(X, X) and the convergence is uniform for A in compact sets. Then we apply 
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Lemma 7.5 [7] and conclude that, outside closed sets C M with Lebesgue measure in R, the map 
z — >• (l + Ai?-?^^ Q(z)i3*)~^ extends in a continuous map defined in {z : 9z > 0}U (R\F+) (resp. {z : 3z < 
0}U (R\F-)) with values in B(X,X). Given A e F+ there exists -0 e X\{0} with V' = ^ (A)B* V'. 

But then, by standard arguments u := ^{X)B*^ e L^'^^ (R^ ,C^) is a nonzero solution of ()1.2p . By 
(H7)-(H8) we have w G L^(R3,C*). Furthermore e X implies it € X. But by (H6) no such u e X can 
exist. So the intersection of F"*" with R\(— m + + Jqj ~ ~ <^o) is empty. A similar argument shows 
that the intersection of F~ with M.\{—rn + uj + So,m — uj — 6o) is empty. 

Having considered the low energy case ()A.5| . we consider for /^i any fixed large real number: 



(A.6) sup \\il + AR^^^^iX)B*)-'\\BiLixi)<C3. 

|A|>pi 

For definiteness we will consider X > fii- We consider the expansion (^AR^^ oiX)B*^ . We start 

now the implementation of the high energy argument in |30j . We have 



(A.7) 







_ ,R^JX + u:) 

RtiX-u;] 



-i?o±(A)^(A,V) 



i?±(A) := 
^(A,V) 



{{X + L0)^)l2 
i?±^+„.((A-^)2)J2, 

A - {-lyuj + m 



Ui(A,V) 
A2{X,\7 



R^_ 



-id • V 



-iff • V 
A — (—1)^0; — m 



For definiteness let us consider i?^ ^. Let now XOjV'o S C'(5"(R) by cutoffs supported near and let 
Xi := 1 — Xo and ipi := 1 — ipQ. We can choose them so that 

(A.9) XI - y\) = (V-o (M) V'l (|y|) + 0i (|x|) % i\y\) + 0i (|x|) 0i (|y|)) xi (|x - y\) 

We split for a fixed large number Mq > 



(A.IO) 



1 



i?,,(A,x,y) „,i i^wT 



47r|a:; — ?/| 

We have a decomposition i?^^ = i?^^, „ +-^-Ht o "^'^^^ kernels ^ = Xj (^jj^'j Ru^ „■ By CO 1) - (|XT0t 
and by [1^ there exists cmq with lim7\/f,_j.+oo cmq — s.t. 

(A.ll) SUp|!Ai?^t oW^*lls(LJ,L^) < CAfo. 

By ^(A)S* II s(L2,L^) < C, for fixed C" we have 

(A.12) \\AR^^^{X)B*\\b(,li.li)<C'. 

We have 



(A.13) 



RQj{X,x,y) = XRt^ [vi^-i-^y"^ +^,Ax,Ay xo 



\x - y\ 

Mo 



Key to showing that (|A.6p follows directly from [5D1 is the observation that we can write 



(A.14) R+_^ 
with 

(A.15) 



(i-(-i)-) xo 



Ailfo 



\x-y 



■aA,i(k-2/| 



- y| 



< C(Afo, fc)?-"'' Vfc>0, 4';](r)=0 VO<r<l 

< C(Mo, k) Vfc > 0, 6i';](r) =0 Vr > 2. 
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Notice that (|A.14p - (jA.15P arc formulas of the same type of (3.2)-(3.4) [50]. As a consequence for any 
fixed smaU So > there are Iq — £{Sq) and fii ~ fJ-i{So) such that for A > /ii we have 



(A.16) (AxoR't^ „{X)B' 

B{Ll,Ll) 

For € large and Sq < cmo, by (|A.llj) . (|A.12j) and (|A.16|) we get 



< <5n 



(A.17) 



<2^(2C'/cI°„. 



□ 



For CMg sufficiently small, (jA.17l) implies (jA.6|) . 

We finish with the following corollary of Lemma lA.ll 

Theorem A. 3. Assume the hypotheses of Lemma \A.l\ Pick the A,B* of (jA.3|) . Then there are isomor- 
phisms yV± : X -> 'X-d'Huj) and Z± : Xc('Htj) — ?> X, inverses of each other, defined as follows: for u G X, 



(A.18) 



{W±u,v*) = {u,v*)t lim / {ARn^^,{\±k)u,{BRn'iX±ie)vy)d\; 
£^0+ 27ri 

(Z±i;,u*) = (i;,u*)± lim / ± ie>, ^(A ± ieH*)dA. 



VV_l_ (resp.Z±) define isomorphisms iJ'^(R'^,C^) n X — > Pc(^w)^^^'^(K'^, C^) ('resp. and viceversa) for all 
k. We also have 

for all u G X; 

(A.19) 

Z+u — 

>±oo 

Proof. The proof follows by Lemma [A. II by means of the argument for Theorem 1.5 [40 . (|A.19[) follows 
by Theorem 3.9 [40]. □ 



W±u= lim e™-e"'*^--°^ 
Z±v = lim e'*^--°e~'*^-w /or all v G Xc(-Hc 
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